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FOREWORD 


The  Operations  Research  Center  at  the  Massachusetts  Institute  of  Tech- 
nology is  an  interdepartmental  activity  devoted  to  graduate  education  and 
research  in  the  field  of  operations  research.  The  work  of  the  Center  is 
supported  by  government  grants  and  contracts.  The  work  reported,  herein, 
was  supported,  in  part,  by  the  U.S.  Army  Research  Office  under  Contract 
DAAG29-76-C-0064. 

The  author  also  wants  to  acknowledge  financial  support  from  the 
Organization  of  American  States  (O.A.S.)  and  from  the  Conselho  Nacional 
de  Deseuvolvimento  Cientifico  e Tecnologico  do  Brasil  (C.N.Pq.)  during 
the  periods  of  1974-76  and  1976-78,  respectively. 

ABSTRACT 


The  major  theme  of  this  work  is  the  integration  of  depletable  re- 
sources supply  and  sectoral  dynamic  models.  These  models  are  inherent- 
ly normative  due  to  their  mathematical  programming  formulations.  The 
economic  sectors  that  demand  the  depletable  resource  minimize  in  each 
time  period  the  cost  of  meeting  the  demand  for  end-use  goods.  The  sup- 
pliers allocate  the  fixed  resource  stock  over  time  such  as  to  maximize  the 
net  present  value  of  profits.  Equilibrium  is  defined  by  linking  the  sup- 
pliers' revenue  with  sectoral  savings  in  costs.  Mathematical  programming 
concepts,  particularly  decomposition  methods,  facilitate  the  integration 
of  these  models.  Some  extensions  are  discussed  and  Implemented  in  this 
context:  essential  versus  inessential  resources,  the  existence  of  insti- 
tutional agents  and  capacity  constraints  on  resource  extraction.  \ 

The  existence  of  equilibrium  in  the  case  of  multiple  collusive  and 
competing  economic  agents  is  also  considered.  Competing  multiple  deple- 
table resource  suppliers  create  several  difficulties  in  our  basic  frame- 
work. These  are  also  mentioned.  Models  are  developed  to  consider  the 
major  source  of  uncertainties  in  depletable  resource  intertemporal  plan- 
ning: technological  transition,  end-use  demands  and  resource  reserves. 

The  techniques  used  are  dynamic  programming,  linear  programming  with  re- 
course and  Markovian  decision  theory,  respectively. 

Finite-horizon  approximation  methods  for  the  case  of  infinite  plan- 
ning horizons  are  presented.  These  are  of  particular  interest  in  the 
integration  of  transient  and  stationary  stage  models.  Leontief  substitu- 
tion systems  are  also  considered.  Finite-elasticities  in  the  demand  for 
end-use  goods  and  the  supply  of  alternative  primary  supplies  add  more 
flexibility  to  the  equilibrium  model.  Linear  relationships  can  be  effective- 
ly handled  by  the  development  of  parametric  quadratic  prugrammlng. 
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Chapter  1:  Preface 

1.  I.  Planning  with  Depletable  Resources 

Depletable  resources  are  a special  type  of  capital  assets  because 
the  existing  stocks  are  not  reproducible  or  augmentable.  There  are  a 
number  of  natural  resources  that  at  the  present  stage  of  technology  fall 
into  this  category.  Examples  are  oil,  coal,  copper,  uranium,  lead  and 
zinc,  to  cite  only  a few.  However,  technological  progress  might  lead  to 
methods  of  recycling  these  resources  and  thereby  make  them  effectively 
inexhaustible.  Then  the  depletable  resources  need  no  longer  be  treated 
differently  from  ordinary  capital  assets. 

The  depletable  resource  planning  problem  is  essentially  an  inter- 
temporal problem.  The  trade-off  that  exists  in  resource  depletion  is 
basically  one  of  "now  versus  future".  The  more  (less)  the  resource  is 
used  up  now,  the  less  (more)  will  be  available  in  the  future.  In  the 
case  of  private  ownership  the  supplier (s)  of  a depletable  resource  face 
the  decision  of  whether  or  not  to  hold  back  stocks  from  the  market  in  the 
expectation  of  higher  future  prices.  Whether  the  resource  is  publicly  or 
privately  owned  current  decisions  about  natural  resource  depletion  affect 
the  welfare  of  future  generations.  If  a socially  optimal  depletion  pat- 
tern (see  section  l.II.)  exists  it  can  be  used  as  a benchmark  for  evalua- 
ting current  strategies  and  the  implications  of  market  Imperfections. 

Any  conjectures  about  optimality  in  natural  resource  depletion  either  at 
the  supplier's  level  or  from  a social  standpoint  requires  knowledge  or 
assumptions  about  the  future. 
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Planning  exhaustion  at  the  supplier  level  requires  knowledge  of  the 
time  path  of  prices  and/or  demand  as  well  as  of  the  technological  progress 
In  resource  extraction.  This  Is  further  complicated  by  the  lack  of  for- 
ward markets  and  risk  markets  for  most  types  of  depletable  resources. 
Sellers  will  have  to  base  their  decisions  on  Individual  expectations  about 
future  demand.  The  formation  of  these  expectations  are  likely  to  be  In- 
fluenced by  individual  expectations  about  technological  progress  In 
resource  usage,  the  rate  of  new  discoveries  and  the  size  of  total  re- 
serves. The  complex  implications  of  individual  expectations  for  natural 
resource  exhaustion  have  been  explored  by  Heal  [38]. 

Besides  technological  progress  that  may  render  an  extremely  valuable 
resource  worthless  to  the  resource  owners  sometime  in  the  future,  the 
other  source  of  vincertainty  faced  in  resource  exhaustion  planning  is  the 
actual  size  of  reserves.  The  size  of  the  stock  of  an  exhaustible  resource 
Is  fixed  but  unknown^.  Most  empirical  work  (e.g.  Nordhaus [66 ])  has  been 
In  general  based  on  what  is  called  "proved  reserves",  which  accounts  only 
for  a small  fraction  of  the  existing  stock.  Most  "doomsday"  predictions 
have  been  based  on  a comparison  of  current  levels  of  consumption  with  this 
measure  of  resource  availability.  Solow  [82]  describes  "proved  reserves" 
as  an  economical  concept  rather  than  geological  and  defines  it  as 

"...  the  volume  of  reserves  that  interested  parties 
have  found  it  profitable  to  find,  map  and  measure 
in  the  light  of  their  own  planned  requirements  ...." 


^Kaufman  [49]  showed  that  the  distribution  of  sizes  of  oil  (gas)  fields  as 
deposed  by  nature  is,  to  a first  approximation,  lognormal. 
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Therefore  it  seems  that  "proved  reserves"  are  not  a reliable  measure  of 
resource  availability.^ 

Planning  at  the  national  level  requires  the  consideration  of  the 
intertemporal  biases  in  resource  extraction  that  are  likely  to  result 
from  market  imperfections  characteristic  of  natural  resources  markets. 
Monopolistic  practices  that  seem  to  plague  the  market  for  natural  re- 
sources have  been  shown  by  Weinstein  and  Zeckhauser  [90,91]  to  result  in 
underexploitation  in  most  situations.  Sweeney  [87]  addresses  the  inter- 
temporal effects  in  exhaustion  patterns  resulting  from  different  market 
forces  and  some  forms  of  government  regulations. 

A related  question  in  depletable  resource  planning  is  the  determina- 
tion of  prices.  Compared  to  reproducible  assets  the  prices  of  resources 
whose  stock  if  fixed  should  include  a scarcity  component  (royalty  or 
rent) . Prices  are  likely  to  show  a permanent  movement  in  time  to  reflect 
its  increasing  scarcity  if  technological  progress  in  resource  usage  is 
not  strong  enough  to  compensate  for  the  force  of  depletion.  Hotelling's 
[44]  work  was  the  first  formal  attempt  to  prove  this  assertion  (see 
section  l.II.l.).  In  an  efficient  market  we  should  expect  current  prices 
to  be  Influenced  by  the  uncertainties  described  above,  future  expecta- 
tions, and  by  the  time  path  of  prices  of  actual  and/or  potential  substi- 
tutes as  well.  Also,  market  structure  and  market  forces  will  be  reflected 
In  observable  current  prices  and  to  some  extent  will  tend  to  bias  the 


The  disparities  have  been  Illustrated  by  Solow  [82 ] . Taking  the  example  ; 
of  lead,  the  U.S.  Geological  Survey  shows  that  at  current  consumption  |( 
rates  proved  reserves  of  lead  account  for  10  years  left,  potential  re-  5 
serves  for  162  years  left,  and  crustal  abundance  for  85  x 10®  years  left.  ' 
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price  of  the  resources  away  from  Its  social  value. 

This  short  exposition  of  problems  of  depletable  resource  exhaustion 
makes  it  clear  why  considerable  attention  to  modelling  depletable  resource 
allocation  is  being  devoted  by  economists,  environmentalists,  engineers 
and  operations  researchers.  The  formation  of  the  OPEC  cartel  and  the  pro- 
position of  Meadows  et  al.  [63]  that  present  "inappropriate"  depletion 
patterns  leading  to  ultimate  exhaustion  of  natural  resources  would  have 
catastrophic  consequences  for  society  have  led  to  a revival  of  research 
effort  in  resource  depletion  planning. 

Several  mathematical  models  for  optimal  resource  allocation  have  been 
devised  to  prove  and  disprove  assertions  about  natural  resource  depletion. 
In  the  next  section  we  will  review  most  categories  of  models  and  illus- 
trate, where  possible,  the  conclusions  that  have  been  drawn  from  their 
application.  While  the  list  of  contributions  described  below  does  not  in- 
tend to  be  exhaustive,  it  illustrates  the  different  approaches  utilized  so 
far  to  model  depletable  resources  exhaustion.  We  shall  try  to  keep  nota- 
tion as  much  as  possible  compatible  between  models  and  with  this  thesis. 

The  third  section  of  this  chapter  gives  an  overview  of  the  specific  con- 
tributions of  this  thesis. 

1.  II.  Modelling  Efforts  in  Resource  Depletion 

We  shall  review  here  a sample  of  models  of  depletable  resources.  For 

this  purpose  these  models  have  been  divided  into  five  categories: 

1)  Supply  Models,  2)  Optimal  Economic  Growth  Models,  3)  Sectoral  Models, 

{ 

4)  Equilibrium  Models,  and  5)  Econometric  Models. 
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1.  II.  1.  Supply  Models 

Supply  models  are  concerned  with  the  behavior  of  individual  firms 
facing  known  prices  or  demand  functions  over  the  planning  horizon.  Inclu- 
ded in  this  category  are  the  first  attempts  to  formalize  what  is  referred 
to  in  the  literature  as  the  "Economic  Theory  of  Exhaustible  Resources". 

In  what  follows  we  let  r^  denote  the  amount  extracted  at  time  t , S^ 
denote  the  stock  of  the  resource  at  the  time  t and  6 the  continuous-time 
discount  rate.  Hotelling's  [44]  economic  theory  of  exhaustible  resources 
is  the  classic  work  in  this  category.  The  most  general  problem  faced  by 
a Supplier  of  a depletable  resource  studied  by  Hotelling  was  to^ 

maximize  / e - S^,r^)r^dt 

^ '^t  0 t t t 

0 


subject  to  = -r^. 

(1.1a) 

00 

(1.1b) 

0 

r i 0 

(1.1c) 

In  this  formulation  is  the  net  price  received  after  deducting  the 
costs  of  extraction  at  time  t.  Net  prices,  (p^)  are  allowed  to  depend  not 
only  on  the  current  rate  of  extraction  (r^)  but  also  on  accumulated  ex- 
traction Th®  criterion  to  be  maximized  is  the  net  present  value 

of  receipts.  The  case  of  perfect  competition  where  each  individual  sup- 
plier is  a price-taker  ~ ^t^^o'^t^^  just  a special  case. 

In  the  latter,  when  dependency  on  accumulated  extracticn  is  dropped 

^The  dot  will  denote  the  time  derivative. 
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(p^(Sg-S^,r^)  = p^)),  the  maximization  of  the  social  value  of  the  resource 
will  lead  to  a time  path  of  prices  increasing  at  the  discount  rate 

Gordon  [28]  reformulated  the  above  problem  introducing  explicitly 
extraction  cost  curves  and  proposed  to 

“ A 

Maximize  / e ^ ~ S^,r^)dt 

0 

subject  to  (1.1a),  (1.1b)  and  (1.1c), 


where  profits  at  time  t,  11^,  are  allowed  to  depend  on  both  current  (r^) 
and  cumulative  extraction  (Sq-S^.) . When  dependence  on  cumulative  extrac- 
tion is  dropped  the  optimality  conditions  imply  that  for  positive  extrac- 
tion rates  (r^>0). 


6e 


6t 


(1.2) 


will  hold.  The  right  hand  side  of  (1.2)  has  been  Interpreted  by 
Scott  [75]  as  a user's  cost,  a measure  of  the  sacrifice  of  future  revenue 
due  to  present  sales.  Therefore  (1.2)  can  be  read  as  a requirement  that 
marginal  total  profits  including  the  Imputed  user's  cost  be  zero.  In  the 
special  case  of  perfect  competition  Gordon  proved  Herfindahl's  [41] 
assertion  that  Hotelling's  results  are  only  compatible  with  a constant 
cost  Industry.  The  profit  per  unit  (p^)  will  only  be  constant  when  the 
cost  function  Is  a linear  function  of  the  amount  extracted  r^;  namely, 
when  marginal  costs  equal  average  costs  at  all  extraction  levels. 

Cummings  [10]  explored  two  situations.  Case  I is  that  of  N Indepen- 
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dent  firms  sharing  a common  resource  stock  and  a central  authority  acting 
to  determine  each  Individual  firm's  resource  use  r^  at  time  t so  as  to 
maximize  the  joint  present  value  of  profits  for  the  resource  owners  as  a 
whole.  The  problem  faced  by  the  central  authority  is  then  to 

"J 

1 

rjdt  < S„ 

r\  < - S^)  1 - 1,2,. ...N 

i 0 i « 1,2,. ..,N. 

This  formulation  introduces  upper  bounds  (r^,  i=l,2,...,N)  on  the 
amount  that  may  be  extracted  by  each  individual  firm  at  time  t.  The  upper 
bounding  is  functionally  dependent  upon  cumulative  extraction  at  time  t. 
The  optimality  conditions  for  the  problem  above  in  the  case  the  extraction 
rates  for  all  firms  are  positive  and  do  not  attain  their  upper  bounds 
(0  < r^  < i>«l,2, . . . ,N)  imply  that  the  central  authority  will 

act  such  as  to  equate  the  marginal  costs  of  individual  firms  plus  a mea- 
sure of  user's  cost  with  marginal  Joint  revenue. 

Case  II  is  one  in  which  each  individual  owns  a fraction  of  the  re- 


Maximize  fa  ^ 

n 1=1 


N 

subject  to  S = - ^ 

l-l 


«»  N 

/ I 
0 1=1 


source  stock  and  acts  individually.  Making  N*1  in  the  above  formulation 
this  model  differs  from  Gordon's  model  essentially  by  the  inclusion  of 
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upper  bounds  on  extraction  rates. 

Weinstein  and  Zeckhauser  [91]  re-derived  some  of  the  above  results 
for  the  special  cases  of  competitive  and  monopolistic  behavior  with  zero, 
constant  and  increasing  marginal  costs.  They  showed  also  that  in  a com- 
petitive market  with  zero  extraction  costs  and  random  prices,  risk  neutral 
suppliers  would  choose  an  allocation  such  that  expected  prices  grow  at  the 
interest  rate.  This  results  from  the  maximization  of  expected  discounted 

V 

consumers'  surplus. 

> 1.  II.  2.  Optimal  Economic  Growth  Models 

The  recognition  that  some  resources  that  enter  into  the  economy's 
production  process  are  limited  in  supply  has  led  to  a revision  of  economic 
growth  theory.  Optimal  growth  models  could  not  disregard  the  resource 
constraint  imposed  on  the  economy's  growth  potential  by  the  fixity  of  the 
resource  stock.  Some  of  the  questions  that  arise  when  studying  exhaustion 
of  a depletable  resource,  such  as  optimal  extraction  rate,  efficiency 
prices,  time  of  exhaustion,  have  been  imbedded  in  the  more  general  ques- 
tion of  optimal  economic  growth. 

The  characteristics  of  a depletable  resource  that  plays  a crucial 
role  in  determining  an  optimal  path  to  exhaustion  is  its  essentiality  to 
the  economy,  essentiality  being  defined  as  the  output  being  nil  in  the 
absence  of  the  depletable  resource.  In  the  case  of  an  essential  resource 
one  might  want  to  know  whether  to  deplete  the  resource  gradually  over  the 
Planning  horizon  or  exhaust  it  in  finite  time  and  live  off  the  capital 

stock  existing  by  the  time  of  depletion.  When  the  resource  is  inessential  . i 

r-  society  may  rely  on  reproducible  Inputs  to  continue  production  after  the 
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resource  is  depleted  in  finite  time.  In  both  situations  the  ease  with 
which  the  reproducible  inputs  can  be  substituted  for  the  depletable  re- 
source will  be  an  Important  factor  determining  the  optimal  path  to  exhaus- 
tion. 

There  has  been  significant  literature  examining  the  properties  of 
optimal  plans  derived  from  resource  constrained  economic  growth  models. 

The  different  models  proposed  differ  on  their  assumptions  about  essenti- 
ality, planning  horizon  and  social  preferences,  to  cite  a few.  The  con- 
tribution of  different  authors  will  be  discussed  in  the  framework  of  a 
more  general  model  formulated  below. 

We  suppose  the  existence  of  a depletable  resource  that  may  be  either 
consumed  or  used  in  production  and  of  a composite  consumption  good 
(capital)  that  combined  with  the  depletable  resource  and  labor  can  repro- 
duce  itself.  Consumption  at  time  t is  given  by  the  pair  (C^,r^)  where 
denotes  consumption  of  the  composite  good  and  r^  denotes  consumption  of 
the  depletable  resource  at  time  t.  A social  intertemporal  preference 
structure  ll(C,r*^)  specified  exogenously  provides  a numerical  evaluation  of 
the  entire  consumption  program. 

Let  K^»L^  and  r^  stand  respectively  for  the  stock  of  capital,  the 
labor  force  size  and  the  amount  of  depletable  resource  used  in  production 
at  time  t.  Efficient  output  possibilities  are  given  by  an  Instantaneous 
production  function  F^(K^,L^,r^) . The  initial  stocks  of  capital,  Kq,  and 
of  the  depletable  resource,  S^,  are  given.  The  labor  torce  dynamics  are 
specified  exogenously  by  1(1,1^)  where  L^j  is  the  starting  labor  force 
size.  We  let  0 denote  a set  of  constraints  Imposed  on  depletable  resour c . 


consumption  during  the  planning  horizon.  Furthermore,  we  allow  capital 


depreciation  at  a rate  v. 

Over  the  planning  horizon  T (possibly  infinite)  the  problem  then 
becomes 


maximize  U(C,r^) 

subject  to  + vK^  = F^'CK^.L^.r^)  - C^.  0 < t < T 

T 

/ (rj  + rP)dt  < S(j 
0 

r^efl  0<t<T 

Kj.,r^,r^,C^  >0  0 < t s T 


shadow  prices 


P 


t 


X 


with  Kq,Sq  and  Lg  given  and  = L(t,L^).  When  the  planning  horizon  T is 
finite,  a set  of  terminal  conditions  on  the  capital  and  resource  stock  may 
be  specified. 

Table  1.1  relates  the  above  formulation  with  some  of  the  important  con- 
tributions to  the  field  of  resource-constrained  optimal  economic  growth. 
Anderson's  [ i]  criterion  is  to  maximize  the  discounted  sum  of  per  capita 
consumption  of  the  composite  consumption  good  over  a finite  planning  hori- 
zon to  determine  the  optimum  savings  rate  path  A defined  as 


He  shows  that  in  the  optimal  path  the  undiscounted  shadow  price  of  the 
depletable  resource  grows  exponentially  at  a rate  (6  + which  can 

be  regarded  as  the  social  discount  rate  adjusted  for  the  growth  of  the 


Table  1.  1 Optlaal  Economic  Growth  Models 


population  size  at  time  t " / ti(C^)  - instantaneous*  u -ity  of  consuming  tTj^  ■ rate  of  Hicks-neutral  technological  progress 

relative  rate  of  population  growth  v(r^)  * Instantaneous  ul  Hty  of  consuming  r^  X » rate  of  technological  progress 

nt  UA  .ssical  production  function  • subsistence  le»*  resource  consumption  tr  * rate  of  technological  progress  in  resource 

requirement 
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idle  population.  The  resultant  optimum  savings  rate  path,  4,  can  be  di- 
vided into  three  stages.  During  the  initial  and  last  stages,  the  optimum  ♦ 

savings  rate  is  equal  to  unity.  This  peculiarity  is  due  to  the  linearity 
of  the  utility  function  represented  by  the  consumption  per  capita.  The 
intermediate  phase  consists  of  what  he  calls  a "resource-limited  turnpike 
phase".  Compared  to  the  unconstrained  optimal  path,  the  author  concludes 
that  the  resource-constrained  model  shows  a tendency  to  postpone  capital 
accumulation  and  to  spend  time  in  a turnpike  growth  path  where  capital  is 
used  less  intensively.  The  problem  of  finite  time  depletion  versus  gra- 
dual depletion  over  the  planning  horizon  has  been  neglected  by  Anderson 
[ 1]  because  of  an  imposed  feasibility  condition  that  precludes  depletion 
during  the  finite  planning  horizon  (T)  considered.  , 

DasGupta  and  Heal  [14 ] in  their  v7ork  derived  conditions  determining 
whether  or  not  the  resource  is  exhausted  in  finite  time.  They  have  shown 
that  the  finite  time  depletion  will  occur  if  the  marginal  productivity  of 
the  resource  approaches  a finite  limit  as  resource  usage  approaches  zero 
and  the  output  is  positive  in  the  absence  of  the  resource  as  long  as  the 
stock  of  capital  is  non-zero.  Namely,  it  is  required  for  finite  time 
depletion  that 

ita  < + . 

r-.O 

and 

F(K,0)  > 0 K > 0.  , 


Finite  time  depletion  rests  not  only  on  the  resource  being  Inessential 
(output  being  positive  in  the  absence  of  the  depletable  resource)  but  also 
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on  the  behavior  of  its  marginal  product.  From  the  optimality  conditions, 
DasGupta  and  Heal  have  shown  that  the  future  value  of  the  shadow  price  of 
the  exhaustible  resource  relative  to  the  efficiency  price  of  the  composite 
consumption  good  will  be  equal  to  the  marginal  product  of  the  resource. 

at  positive  levels  of  resource  utilization  (r^  > 0) . Also  equality  be- 
tween the  rates  of  return  on  the  two  assets  will  result 


The  class  of  constant-elasticity  production  functions  illustrates  the 
major  role  played  by  the  elasticity  of  substitution  (a)  between  K and  r^ 
in  determining  the  characteristics  of  the  optimal  plan.  When  0 s a i 1, 
the  resource  is  essential  in  the  sense  of  output  being  nil  in  its  absence. 
Otherwise  it  is  inessential.  The  resource  will  be  depleted  in  finite  time 
only  if  o > 1,  and  the  future  value  of  the  shadow  price  of  the  resource  in 
terms  of  the  composite  good  will  tend  to  infinity  except  in  the  Cobb- 
Douglas  case  (a  ■ 1) . 

Koopmans*  [52]  models  differ  from  the  previous  ones  because  the  de- 
pletable  resource  is  not  an  input  to  production  but  only  a consumption 
good.  In  this  context  the  concept  of  essentiality  refers  to  essentiality 
of  the  resource  to  life.  If  the  resource  is  inessential  to  life  then  the 
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subsistence  level  of  resource  consumption  is  nil  (r  = 0) . Models  I and 
II  distinguish  the  case  of  inessentiality  (r  = 0)  and  essentiality  • 

(r^  > 0)  of  the  depletable  resource  respectively.  Model  I breaks  into  a 
Ramseyan  capital  model  and  a discounted  version  of  Gale's  [25]  "cake- 
eating"  model.  The  optimal  resource  consumption  path  r^  is  such  that  the 
present  value  of  marginal  utility  is  constant  along  the  interval  of  time 
of  positive  consumption  levels  (r^  > 0) . The  optimal  path  for  the  con- 
sumption of  the  composite  good  is  independent  of  the  time  path  of  con- 
sumption of  the  depletable  resource  r^.  Model  II  characterizes  an  essen- 
tial resource  > 0) . The  separability  property  of  Model  I is  not 

found  in  Model  II  because  the  survival  period  T is  an  endogenous  variable. 

The  author  showed  that  in  this  case  resource  consumption  will  be  decrea- 
sing over  time  and  its  future  value  shadow  price  relative  to  the  composite 
consumption  good  will  Increase  at  a discount  rate  during  an  intermediate 
stage. 

Rawls'  [69]  principle  of  justice  led  Solow  [81]  to  formulate  his 
model  such  as  to  maximize  the  worst  possible  consumption  level  per  head 
that  can  be  maintained  over  an  infinite  planning  horizon.  It  is  then 
optimal  that  consumption  of  the  composite  good  be  constant  throughout  all 
generations.  Under  a Cobb-Douglas  technology  the  author  has  been  able  to 
show  that  a solution  exists  for  the  simplest  case  of  zero  population 
growth  and  zero  technical  progress  (Model  I)  if  capital  is  a more  impor- 
tant input  than  the  exhaustible  resource  to  the  production  process 
(1-g-h  > h) . The  conclusions  derived  from  Model  I parallel  DasGupta  and 
Heal  results.  The  author  conjectures  that  Model  II  has  a solution  with  a 
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higher  consumption  per  head  than  Model  I.  It  Is  also  shown  that  In 
Model  III  no  positive  level  of  consumption  per  head  can  be  maintained  for- 
ever. The  most  general  case.  Model  IV,  proves  difficult  to  explore  and  is 
left  unresolved. 

Stiglitz  [84]  introduces  as  his  criterion  the  discounted  sum  of  the 
total  labor  force  utility  defined  as  the  sum  of  homogeneous  individual 
workers'  utility  functions.  The  essentiality  of  the  depletable  resource 
is  reflected  by  a Cobb-Douglas  technology  with  exponential  technological 
progress.  For  the  special  case  of  iso-elastic  individual  utility  func- 
tions he  has  shown  that  under  certain  feasibility  conditions  this  economy 
will  approach  a steady  state  where  the  resource  will  be  utilized  at  a con- 
stant ratio  of  the  remaining  resource  stock  S^.  The  rate  of  growth  of 
consumption  of  the  composite  good  and  the  savings  rate  will  also  be  con- 
stant in  this  steady  state. 

1.  II.  3.  Sectoral  Models 

Sectoral  models  are  characterized  as  optimization  models  that  allo- 
cate primary  resources  and  productive  activities  to  fulfill  the  demand 
for  end-use  goods.  The  criterion  mostly  observed  is  the  minimization  of 
costs.  Relative  to  primary  supplies,  sectoral  models  can  be  regarded  as 
demand  models  as  opposed  to  the  supply  models  of  section  l.II.l.  Substi- 
tution possibilities  are  included  more  explicitly  in  sectoral  models  than 
in  growth  models  where  the  fundamental  substitution  is  between  the  deple- 
table resource  and  the  aggregate  consumption  good  (capitil).  The  practi- 
cal importance  of  sectoral  models  is  that  they  are  designed  with  suffi- 
cient realism  to  be  implemented  with  real  data.  Of  course,  the  realism  is 
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attained  at  the  expense  of  the  nice  structural  results  that  a high  level 
of  aggregation  permits.  Depletable  resources  sectoral  models  do  not 
address  explicitly  the  scarcity  issue  because  they  fail  among  other  things 
to  consider  the  problems  of  resource  ownership.  The  intertemporal  ver- 
sions of  sectoral  models  have  disregarded  the  issue  of  ownership  of  the 
depletable  resource  as  resource  reserves  constraints  are  imposed  directly 
on  the  sector's  operations. 

The  Brookhaven  Energy  System  Optimization  >Iodel  (BESOM)  of  Hoffman 
[42]  in  its  original  form  is  a static  model  of  the  energy  sector  designed 
primarily  for  the  evaluation  of  energy  technologies  and  policies.  When 
demand  can  be  met  in  more  than  one  way  from  alternate  supplies,  BESOM  will 
provide  the  policy  that  minimizes  the  costs  of  operating  the  energy  sec- 
tor. Each  activity  is  characterized  by  an  energy  resource  i,  a conversion 


technology  j and  an  end-use  k.  The  flows  are  the  decision  variables. 

Associated  with  the  flows  there  are  losses  of  two  categories:  upstream 
from  the  resource  to  conversion  with  efficiency  a^^  and  downstream  from 
conversion  to  end-use  with  efficiency  The  end-use  demands  dj^  and 

the  energy  resources  supplies  s^  are  given  exogenously.  BESOM  is  formu- 
lated as  a linear  program  to 


minimize  7 

i,j  ,k 

subject  to  ^ 

l.J 

I 

J.k 


‘^ijk  ’^ijk 


‘]k 


“ij  *ljk  ^ *1 


plus  capacity  constraints,  and  environmental  constraints, 

-Uk  k 0. 
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where  the  are  the  costs  of  utilizing  devices  in  the  path  (i,j,k). 

Other  constraints  such  as  peaking  and  balancing  load  equations  are  inclu- 
ded to  model  the  electrical  subsector.  The  dynamic  characteristics  of  the 
energy  system  were  to  be  introduced  by  applying  the  model  sequentially. 

A major  source  of  criticism  to  BESOM  is  the  simple,  perfectly  Inelastic, 
demand  and  supply  functions. 

Recognition  that  a static  model  of  the  energy  system  did  not  reflect 
the  limited  availability  of  energy  resources  led  to  a reformulation  of 
BESOM  as  a Dynamic  Energy  System  Optimization  Model  (DESOM)  [62 ] in  a mul- 
tiperiod linear  programming  framework.  Except  for  the  inclusion  of  con- 
straints on  capacity  and  resource  availability,  the  basic  structure  of 
BESOM  is  unchanged.  Further  indexing  the  exogenous  data  and  the  flow 
variables  on  a time  factor  DESOM  is  formulated  so  as  to 


* 


In  DESOM  the  supplies  of  energy  resources  are  endogenous  variables 
available  at  a price  p^^^  per  unit  of  i at  time  t.  The  capacity  Installed 


26 


In  period  t in  the  supply-conversion  path  (i,j)  is  costs 

per  unit.  While  constraints  (1.3a)  and  (1.3b)  are  basically  unchanged 

from  BESOM,  constraints  (1.3c)  and  (1.3d)  restrict  the  total  utilization 

of  resource  i over  time  to  S . and  the  rate  of  growth  in  resource  usage 

ol 

to  bj^^.  DESOII  minimizes  the  present  value  of  total  costs  of  operating 
the  energy  sector  during  the  planning  horizon,  with  discount  factor  a(<l). 

The  allocation  of  energy  resources  over  time,  space  and  different 
categories  of  output  that  minimizes  the  discounted  costs  of  meeting  the 
demand  for  final  products  is  determined  in  Nordhaus*  [66]  intertemporal 
sectoral  model.  The  dynamic  framework  permitted  the  inclusion  of  con- 
straints reflecting  the  limited  availabilities  of  the  exhaustible 
resources  in  the  different  areas.  The  problem  formulated  as  an  inter- 
temporal linear  program  is 
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flows  X 


ijklt* 

Letting  X. . > 0 and  p. 


> 0 denote  the  shadow  prices  to  the 


'ij  ^ ''  *^klt 

first  and  second  set  of  constraints  respectively,  we  obtain  from  the  opti- 


mality conditions  that  when  ^ 0 


^jkit  + - Pkit ' ° 


(1.4) 


must  hold.  Interpreting  the  shadow  prices  as  the  present  value  of 

the  prices  for  final  products  that  would  prevail  in  a competitive  economy 
in  country  k for  demand  category  1 at  time  t,  (1.4)  is  a restatement  of 
the  fact  that  these  prices  not  only  reflect  marginal  costs  but  also  a 
scarcity  factor  (royalty)  adjusted  for  the  efficiency  of  the  conversion 
process.  Experience  with  the  above  model  showed  that  except  for  petroleum 
and  coal  the  prices  that  resulted  were  close  approximations  to  ob- 

served market  prices,  which  makes  the  simplicity  of  the  model  quite 
attractive. 

A more  sophisticated  model  of  the  U.  S.  energy  sector  was  devised  by 
Manne  [61  ] in  his  work  in  Energy  Technology  Assessment  (ETA) . The  latter 
introduces  finite  elasticities  for  the  demand  for  final  products  at  the 
expense  of  a non-linear  objective.  The  ETA  model  allocates  a budget  B 
among  consumption  divided  into  three  categories:  electric  energy,  non- 
electric energy  and  other  items.  Letting  and  q^  denote  the  amount 

consumed  of  electric  and  non-electric  sources  and  c(q  ,q  ) represent  the 

1 2 

cost  of  fulfilling  demand  at  levels  q and  q , the  maximand  is  a sum  of 

1 2 

discounted  benefits.  In  any  time  period  the  benefits  are  given  by 
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aq^l  q^2  + (B  - c(q  ,q  ))  (1.5) 

12  12 

where  the  first  term  represents  the  benefits  derived  from  consumption  of 
electric  and  non-electric  energy,  under  the  assumption  of  a unit  elasti- 
city of  substitution,  and  the  second  terra  the  benefits  from  expenditures 
in  other  items,  under  the  assumption  of  constant  marginal  utility.  The 
objective  in  (1.5)  can  be  seen  as  the  sum  of  consumers*  and  producers' 
surplus.  A second  Interpretation  of  the  objective  is  to  minimize  the 
negative  of  (1.5),  which  except  for  constant  terms  represents  the  total 
costs  for  the  society  of  the  energy  supply  demand  conservation  and  of  the 
interfuel  substitution.  The  constraints  in  this  model  are  linear  and  in- 
clude, besides  resource  reserves,  constraints  of  the  type  (1.3c),  capacity 
constraints,  bounds  on  new  capacity  introduction  rates  and  aggregation  of 
demand  for  final  and  intermediate  items. 

1.  II.  4.  Equilibrium  Models 

Equilibrium  models  are  not  explicit  optimization  models  because  no 
optimality  criterion  is  specified  a priori  but  are  Instead  an  ensemble  of 
postulated  relations  that  must  hold  if  equilibrium  is  to  be  achieved. 
Shapiro  [79]  discusses  cases  where  a well  defined  set  of  equilibrium  con- 
ditions may  be  identified  with  the  Kuhn-Tucker  conditions  for  an  underly- 
ing optimization  model.  The  equilibria  solutions  can  then  be  obtained  as 
the  solutions  to  the  derived  optimization  problem.  In  general,  fixed- 
point  methods,  as  proposed  by  Scarf  [73]  can  be  used  to  determine  equili- 
bria whether  or  not  they  arise  from  Implied  optimization  models. 

Kennedy's  [ 50]  model  of  the  world  oil  market  falls  in  the  former 
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category.  Long-run  equilibrium  in  the  world  oil  market  is  characterized 
by  a linear  demand  equation  (1.6a),  an  economic  constraint  that  no  acti- 
vity can  make  excess  profits  (1.6b),  a material  balance  equation  (1.6c) 
and  a no-operation  condition  for  those  activities  whose  gross  revenue 
falls  to  recover  economic  costs  (1.6d).  In  matrix  notation,  let  d denote 
the  demands  for  final  products,  p the  price  for  the  products,  c the  unit 
costs  of  running  the  associated  activity  at  unit  level,  x the  level  of 
operations  and  A the  technology  matrix  of  refining  and  transportation 
activities.  Then  the  principles  of  economic  equilibrium  dictate  that 


p = Bd  + b 

(1.6a) 

A'p  :s  c 

(1.6b) 

Ax  = d 

(1.6c) 

(c  + A'p)x  = 0 

(1.6d) 

with 

t 0 

dj^  < 0 if  i corresponds  to  a refined  product 

> 0 if  1 corresponds  to  crude  oil. 

The  author  identified  (1.6a),  (1.6b),  (1.6c)  and  (1.6d)  as  optimality 
conditions  to  the  quadratic  program 

maximize  b'd  + y d'Bd  - c'x 

subject  to  Ax  “ d 

d 2 0,  X 2 0 


which  is  Interpreted  as  a maximization  of  consumers ' and  producers ' sur- 
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plus.  Shapiro  [77]  suggested  a dynamic  reformulation  of  the  above  model 
that  does  not  Include  resource  stock  constraints  of  the  form  (1.3c)  ex- 
plicitly. 

1.  II.  5.  Econometric  Models 

The  last  class  of  models  to  be  described  as  representative  of  an 
effort  to  model  depletable  resources  are  econometric  models.  The  natural 
resources  econometric  models  found  in  the  literature  are  not  general 
models  but  instead  rather  specific  ones.  They  Incorporate  to  different 
levels  of  refinement  market  and  production  characteristics  as  well  as 
substitution  effects  that  are  peculiar  to  each  individual  resource. 

In  formulating  a depletable  resource  econometric  model  the  treatment 
of  depletion  becomes  a central  issue.  Fisher,  Cootner  and  Bally  [21]  in 
their  econometric  model  of  the  world  copper  industry  do  not  make  explicit 
reference  to  depletion  effects  in  their  price  and  output  relationships. 

In  MacAvoy  and  Plndyck's  [58]  model  of  natural  gas  a "depletion"  index 
of  estimated  potential  reserves  is  Introduced  to  capture  the  effects  of 
exhaustion  in  the  resource  base  in  the  rate  of  discoveries  of  natural 
gas.  Also  cumulative  production  of  natural  gas  and  oil  are  taken  to  be 
determinants  of  current  natural  gas  production  rates.  The  coal  industry 
depletion  model  developed  by  Zimmerman  [97]  Incorporates  the  depletion 
effects  by  estimating  a "cumulative"  cost  function  for  underground  coal 
mining  that  describes  the  changes  in  the  incremental  cost  of  coal  as  out- 


put cumulates  over  time.  Coal  reserves  are  assumed  in  this  derivation  to 
have  a lognormal  distribution. 
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1.  III.  Scope  of  the  Thesis 

After  describing  aspects  of  the  problems  posed  by  exhaustible 
resources  extraction  and  reviewing  some  of  the  relevant  efforts  in  deple- 
table  resource  modelling,  we  proceed  to  describe  and  relate  to  previous 
work  the  approach  we  follow  here. 

In  this  thesis,  we  develop  and  analyze  normative  models  of  depletable 
resources.  The  major  contributions  stem  from  the  integration  of  supply 
and  sectoral  models,  whose  normative  aspects  are  inherent  to  their  mathe- 
matical programming  formulations.  Mathematical  programming  concepts, 
particularly  decomposition  methods,  facilitate  the  integration  of  these 
models.  The  decomposition  approach  provides  a new  framework  in  which  to 
study  the  interactions  between  economic  agents  who  supply  and  demand 
depletable  resources.  Moreover,  the  computational  capabilities  of  mathe- 
matical programming  and  decomposition  methods  permit  the  integration  of 
data-based  normative  and  empirical  models. 

We  approach  the  problem  of  depletable  resource  allocation  over  time 
in  the  traditional  framework  of  supply  and  demand.  On  the  demand  side, 
we.  visualize  the  economy  as  divided  into  sectors.  The  economic  sectors 
demand  the  depletable  resource  and,  together  with  other  Inputs,  engage  in 
the  production  of  end-use  goods.  The  resource  owners  or  suppliers,  on 
the  other  side,  are  Induced  to  extract  it  and  eventually  exhaust  their 
reserves,  by  the  revenue  received  from  sales  to  the  sectors.  An  equili- 
brium problem  is  defined  cnce  the  behavior  of  these  two  actors  in  the 
depletable  resource  markets  is  postulated.  It  is  in  the  modelling  of 
this  equilibrium  and  its  solution  methods  that  we  concentrate  the  major 
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part  of  this  thesis.  What  distinguishes  our  equilibrium  framework  from 
previous  equilibrium  models  such  as  those  discussed  in  section  1.II.4  is 
the  existence  of  two  active  participants  in  the  market  and  its  intertem- 
poral formulation,  thereby  permitting  a more  direct  economic  analysis  of 
fixed  resource  stocks. 

The  economic  sectors,  represented  by  sectoral  models,  have  the  pre- 
scribed behavior  of  cost  minimization.  In  each  period,  given  a certain 
availability  of  the  resource,  they  minimize  the  cost  of  meeting  the  con- 
sumers’ demand  for  end-use  goods.  As  compared  to  previous  dynamic  sec- 
toral models  such  as  the  ones  discussed  in  section  1.II.3.,  reserve  con- 
straints do  not  impose  themselves  directly  into  the  sector  activities. 
Instead,  when  the  resource  is  privately  owned,  the  fixed  stock  of  the 
resource  is  an  intertemporal  supply  constraint. 

The  modelling  of  the  supply  side  of  the  economy  parallels  previous 
supply  models  (see  section  l.II.l.)  in  the  sense  that  we  are  interested  in 
the  behavior  of  the  individuals  or  firms  that  own  the  resource.  They  are 
postulated  to  maximize  the  present  value  of  profits  over  a planning  hori- 
zon. However,  in  contrast  to  previous  supply  models,  the  time  path  of 
prices  or  demand  functions  for  the  depletable  resource  are  not  forecasts 
but  derived  normatively  from  the  sectoral  models. 

Equilibrium  between  the  economic  sectors  and  the  depletable  resource 
suppliers  is  defined  by  linking  the  suppliers'  revenue  to  the  sectoral 
cost-savings  in  meeting  demand  for  end-use  goods. 

In  Chapter  2,  we  introduce  the  basic  equilibrium  model  for  a one- 
sector-one-suppller  economy.  A convergent  iterative  scheme  is  proposed 
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to  solve  for  equilibrium.  The  algorithmic  methods  proposed  for  solution 
use  techniques  for  non-dlfferentlable  optimization  which  are  required 
when  the  sectoral  model  Is  a linear  programming  problem.  This  seems  to 
be  the  general  approach  to  sectoral  modelling  (see  section  1.II.3.).  The 
existence  of  an  underlying  optimization  problem  relates  the  economic 
equilibrium  conditions  with  mathematicai  programming  optimality  condi- 
tions. Straightforward  extensions  In  this  framework  are  also  covered. 
These  Include,  among  others,  the  existence  of  Institutional  agents  (e.g., 
price  controls,  cost  of  externalities  and  tax  depletion  allowance)  In  the 
economy  and  the  effect  of  the  essentiality  of  the  depletable  resource  to 
the  sector  operations.  Computational  results  are  given  for  a numerical 
example  derived  from  BESOM  [ 3 ] . 

The  Implications  for  Intertemporal  equilibrium  of  the  existence  of 
multiple  economic  sectors  competing  In  each  period  for  the  depletable 
resource  supply  Is  part  of  the  discussion  In  Chapter  3.  The  case  of  mul- 
tiple depletable  resource  suppliers  Is  also  examined.  The  supply  market 
structure  ranges  from  the  collusive  behavior  to  the  purely  competitive 
case.  The  consideration  of  multiple  depletable  resources  In  the  economy 
Introduces  several  difficulties  In  our  framework,  mainly  because  the 
resources  may  be  either  substitutes  or  complements  In  different  sectors' 
productive  activities.  Several  alternatives  are  proposed  and  examined. 
The  development  of  an  Integrated  multiple  economic  sectors,  multiple 
depletable  resources  and  multiple  suppliers  equilibrium  model  Is  the  goal 
of  that  chapter. 


In  Chapter  4 we  reconsider.  In  the  basic  framework  of  a unique  sec- 
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tor  and  a unique  economic  sector,  the  effect  of  the  uncertainties  associ- 
ated with  depletable  resource  exhaustion.  A model  with  probabilistic 
technological  transition  in  the  sector's  operations  is  developed.  Uncer- 
tainty in  end-use  demands  is  handled  by  means  of  recourse  programming  and 
as  a result  it  will  bias  downward  the  supplier's  revenue.  On  the  supply 
side,  uncertainty  in  reserves  and  in  each  period's  supply  are  discussed. 

A Markovian  decision  supplier's  problem  is  proposed  to  model  supply  un- 
certainty. 

Chapter  5 examines  the  case  of  the  infinite  planning  horizon.  Con- 
vergent finite-horizon  approximations  are  proposed  to  solve  for  the 
infinite-horizon  equilibrium  in  a stationary  setting.  Dynamic  programming 
recursions  will  facilitate  the  successive  approximation  methods.  A model 
combining  a transient  stage  followed  by  a stationary  stage  is  also  pre- 
sented and  an  iterative  scheme  is  suggested  as  the  solution  procedure. 

The  case  of  sectoral  ownership  or  control  over  the  depletable  resource 
reserves  over  an  infinite  planning  horizon  is  also  considered.  Well 
known  properties  of  Leontief  substitution  systems  are  explored  in  the 
latter  case. 

Lastly,  Chapter  6 will  introduce  a more  general  equilibrium  model, 
where  the  demand  for  end-use  goods  and  the  supply  of  alternative  primary 
Inputs  are  allowed  to  be  elastic.  The  combination  of  econometric  submo- 
dels with  an  optimization  sectoral  model  and  an  optimization  depletable 
resource  supply  model  is  proposed.  The  special  case  of  linear  demand  and 
supply  functions  generates  a quadratic  programming  sectoral  problem  which 
is  treated  by  the  development  of  quadratic  parametric  programming.  Other 
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extensions  are  also  discussed  to  different  extents.  Finally,  the  contri- 
bution of  this  thesis  is  summarized  in  Chapter  7. 
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Chapter  2:  Equilibrium  Model  Between  An  Economic  Sector  and  A Supplier 
of  a Depletable  Resource 

2.1.  Introduction 

In  this  chapter  we  introduce  an  equilibrium  model  between  an  econo- 
mic sector  that  is  the  sole  user  of  a depletable  resource  and  a unique 
supplier  of  this  resource.  Mathematical  programming  decomposition  methods 
are  used  to  study  the  interaction  between  a dynamic  model  of  the  economic 
sector  and  a supply  model  of  this  resource.  The  iterative  scheme  is 
Illustrated  below 


Computational  experience  is  given  for  a specific  numerical  example  de- 
rived from  the  Brookhaven  Energy  System  Optimization  Model  [BESOM( 3 ) ] . 
This  chapter  also  sets  the  framework  for  the  subsequent  chapters  that 
elaborate  upon  several  aspects  of  the  sectoral  model,  the  supply  model  and 
the  decomposition  scheme. 

2. II.  Statement  of  the  Basic  Model 

In  a hypothetical  economy  we  assume  that  the  total  stock  of  a deple- 
table resource  R is  ov;ned  by  a single  individual  (or  firm),  the  supplier. 
In  order  to  decide  on  a supply  schedule  r^,r^,...,r^  over  a planning  horl- 


Supply 

Model 


Economic 

Sector 

Model 


zon  of  T periods,  the  supplier  maximizes  the  net  present  value  of  profits 
resulting  from  the  selling  decisions.  The  value  of  the  holdings  of  the  R 
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units  of  the  depletable  resource  V^(R)  from  period  1 through  T is  obtained 
by  solving  the  supplier's  problem: 


V^(R)  = max 


I - gH  I r\r^)\  + - I r*^) 

t=l  ( j=l  ) t=l 


where  a(<l)  is  a discount  factor,  B^  is  the  total  revenue  function,  g^  is 

T+1 

the  extraction  cost  function  and  B is  the  salvage  function.  The  reve- 
nue function  denotes  the  supplier’s  revenue  in  period  t for  an  amount  r^ 
supplied  of  the  depletable  resource.  It  is  assumed  to  be  concave,  con- 
tinuous, non-decreasing  and  satisfying  B^’CO)  = 0.  The  extraction  cost 
function  is  assumed  convex,  continuous,  increasing  and  satisfying 
g^(*,0)  = 0.  It  is  a function  of  how  much  is  extracted  in  period  t as 
well  as  of  the  cumulative  past  extractions.  The  convex,  increasing  shape 
of  the  curve  reflects  increasing  marginal  costs  resulting  from  increasing 
effort  necessary  to  extract  deeper  deposits  [e.g.  Zimmerman (9 7) ] . The 

salvage  function  is  assumed  to  be  concave,  continuous,  increasing  and 

T+1 

satisfying  B (0)  “0.  It  gives  a valuation  for  the  resource  stock  left 
at  the  end  of  the  planning  horizon.  It  can  be  specified  more  precisely 
in  a number  of  ways  Including  infinite  horizon  approximations.  This  spe- 
cification of  the  salvage  function  is  discussed  later  in  this  chapter  and 
in  Chapter  S.  Alternative  specifications  of  the  salvage  function  would 
result  from  contractual  clauses  and  arbitrary  resource  owners'  stock  valu- 
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at Ions . 

The  objective  is  concave  due  to  the  concavity  and  convexity  assump- 
tions about  the  revenue,  salvage  and  extraction  cost  functions.  If  6^  and 
are  differentiable,  the  Kuhn-Tucker  conditions  are  necessary  and  suffi- 
cient conditions  for  optimality.  Namely,  they  require  the  existence  of  a 

A A 

pair  (r,X)  satisfying 


dB^  dg*^ 


dr‘ 


dr" 


T 

I 

i=t+l 


i-t  ^ _ 

‘ . t 

dr 


r 1-t  ^ T-t+1  dB 

Xa  + a — 


T+1 


i 0 


dr 


1,2,...,T 


(2.2a) 


dg!.  I „i-t  dfii  _ ‘^1-t  ^ j-t+1  d^Vt  ^ 0 

dr*"  i=t+l  dr*"  dr^  / 


t = 1,2, ...  ,T 


(2.2b) 


I R,  i:  0 t = 1,2,...,T  (2.2c) 

t'l 


X(  f r*"  - R)  = 0 
t=l 


(2. 2d) 


X > 0 


(2.2e) 


In  our  development  below,  it  will  not  always  be  the  case  that  B*”  and 
are  differentiable.  In  particular,  the  revenue  function  B^  when  de- 
rived from  a dynamic  linear  programming  model  will  be  concave,  continuous 
but  not  everywhere  differentiable.  Technical  difficulties  due  to  nondif- 
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ferentiabllity  can  be  overcome  by  the  suitable  use  of  subgradients,  which 
exist  everywhere,  in  place  of  the  gradients  in  these  conditions  [e.g. 
Grinold  (30)]. 

In  order  to  interpret  (2.2a)  and  (2.2b)  it  is  insightful  to  verify 
that  for  r >0,  (2.2b)  can  be  rewritten  as 


t t T 
^ = I 
dr*"  dr^  i=t+l 


i-t  ^ ^ 
a — + 

dr 


* 1-t 
Xa 


T-t+1  de 


T+1 


dr 


(2.3) 


The  left-hand  side  of  (2.3)  is  the  difference  between  marginal  revenue  and 

r'.arginal  immediate  cost.  The  right-hand  side  can  be  regarded  as  a measure 

of  total  user's  cost  (see  section  l.II.l.).  The  sacrifice  of  future  pro- 

% 

fits  due  to  present  sales  is  composed  of  three  items.  The  first  term 
reflects  the  discounted  effects  of  present  extractions  in  elevating  the 
cost  of  future  extractions.  The  second  term  is  a pure  scarcity  factor 
similar  to  Scott's  [75],  Gordon's  [28]  and  Cummings'  [10]  measure  of 
user's  cost.  Finally  the  last  term  reflects  the  sacrifice  in  salvage 
value.  Therefore  (2.3)  can  be  restated  as  a requirement  that  marginal 
revenue  equals  marginal  total  costs  (immediate  plus  total  user's  costs). 
The  conditions  (2.2c)  are  the  constraints  to  the  supplier's  problem  (2.1). 

The  shadow  price  of  the  depletable  resource  constraint  X,  which  can 
be  interpreted  as  the  marginal  present  value  of  Incremental  reserves  is 
non-negative  by  (2.2e).  By  the  complementary  slackness  condition  (2. 2d), 
It  vanishes  when  the  resource  is  not  fully  utilized  over  the  planning 
horizon  T. 


ITie  supplier's  problem  (2.1)  can  be  reformulated  as  a dynamic  pro- 
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gramming  problem.  There  are  two  alternative  state  variables  available: 
the  reserve  stock  S and  the  accumulated  extraction  E.  These  two  state 
variables  are  related  through 

= R t = 1,2,. ..,T. 


Let  the  reserve  stock  S be  the  state  variable  and  for  0 < S < R define 
the  function 


V^(S)  = maximum  present  value  of  selling 
decisions  from  period  t through 
T when  S is  the  stock  of  the  de- 
pletable  resource  by  the  start 
of  period  t. 


The  functions  satisfy  the  recursions 


v]^(S)  = maximum  ie^^Cr)  - g*^(R  - S,r)  + oV^'*’^(S  - r)  I 
0<r<S  ^ ^ > 

t = T,T-1,. . . ,1 


(2.4) 


(2.5) 


where 

vJ'^^S)  = b'^'^^S)  for  all  S. 


The  supplier's  problem  is  solved  by  computing 

Vj(R)  = V^(R). 

More  details  about  this  dynamic  programming  are  given  in  section  2. IV. 
The  depletable  resource  is  used  by  a single  economic  sector  for 
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which  vectors  of  end-use  demands  <f'  are  given  for  T periods . The  demand 
is  met  by  production  transforming  the  primary  supplies  into  end-use  goods. 
Demand  met  through  conversion  and  transmission  of  primary  supplies  in  the 
energy  sector  (see  section  1.II.3.)  is  an  example.  We  assume  the  exis- 
tence of  a single  depletable  resource  among  the  primary  supplies  available 
to  the  economic  sector.  Denoting  by  r the  amount  of  the  depletable 
resource  available  to  the  sector  for  production  of  end-use  goods,  a model 
of  the  economic  sector  can  be  developed  to  calculate  in  each  period  the 
cost  function^ 

$^(r)  = minimum  cost  of  meeting  the 
demand  for  end-use  goods  in 

period  t when  r is  the  quantity  (2.6) 

of  depletable  resource  availa- 
ble in  period  t. 

It  is  desirable  that  be  non-increasing  in  r and  convex.  This  will 
be  the  case  when  the  sectoral  model  is  a linear  program  or  the  more  gene- 
ral convex  program  formulated  below.  For  all  purposes  at  each  fixed  r, 
can  be  identified  in  each  period  with  a short-run  cost  function,  where  the 
amount  of  depletable  resource  r is  fixed  and  given  exogenously.  However, 
^ as  a function  of  t Incorporates  long-run  changes  such  as  capacity  ex- 
pansions and  new  technologies.  This  is  further  discussed  in  Chapter  6. 

We  further  assume  $^(0)  < + *,  or  in  other  words,  the  demands  in  each 
period  can  be  met  (at  finite  cost)  without  using  any  of  the  depletable 
resource.  If  is  non-increasing  in  r,  this  is  equivalent  to  assuming 
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to  be  finite  for  all  r i 0.  The  depletable  resource  is  then  Inessential 
to  the  sector's  operations  in  the  sense  of  DasGupta  and  Heal  [14].  The 
implications  of  the  case  when  'I>*'(0)  = + » will  be  explored  in  section 
2.V.3.  This  assumption  permits  us  to  define  the  aost-savings  function: 

*^(0)  - 4>^(r)  = cost  savings  in  meeting  the 
demand  for  end-use  goods  in 
period  t when  r is  the  quan-  (2.7) 

tity  of  depletable  resource 
available  in  period  t. 

If  is  non-increasing,  convex  and  finite,  the  cost -savings  function 
(2.7)  is  non-negative,  non-decreasing  and  concave.  Figure  2.1  depicts  the 
derivation  of  the  cost  savings  function. 


Figure  2 . 1 


There  is  much  choice  in  the  determination  of  depending  upon  the  sec- 
tor's cost  functions,  the  nature  of  the  markets  for  alternative  primary 
supplies,  its  production  possibilities  and  substitution  capabilities.  We 
assume  at  this  point  that  is  computed  by  solving  in  each  period  t a 


* 

\ • 
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sectoral  problem.  Different  specifications  of  the  sectoral  problem  and 
its  implications  are  discussed  in  section  2. III. 

With  the  above  assumptions  on  the  basic  model,  we  proceed  to  deter- 
mine how  an  equilibrium  is  reached  between  the  depletable  resource  sup- 
plier and  the  economic  sector  in  this  hypothetical  economy.  We  assume 
that  the  economic  sector  is  willing  to  pay  in  period  t for  r iinlts  of  the 
depletable  resource  a quantity  not  exceeding  the  cost  savings  implied  from 
a resource  availability  of  the  amount  r,  $^(0)-$^(r).  Any  quantity  paid 
for  a supply  of  r units  less  than  4'*' (0)-'J>^ (r)  lowers  the  sector's  cost  of 
meeting  demand.  The  sector  is  indifferent  when  the  cost  of  purchasing 
the  supply  is  precisely  <I>^(0)-4>^(r)  . This  permits  us  to  define  the  sup- 
plier's revenue  function: 

e’^Cr)  = $'"(0)  - $*'(r),  (2.8) 

and  to  establish  as  an  equilibrium  condition: 

"For  any  non-negative  resource 
12  T 

levels  r ,r  ,...,r  satisfying 
T 

\ 1-  i R we  say  that  the  sup- 

t-1 

(2.9) 

pller's  and  the  sectoral  problems 
are  in  equilibrium  if  these  re- 
source levels  permit  the  supplier 
to  maximize  his  profit;  namely, 

♦•"(O)  - - g*'(  r ! + aV'^^R  - I r*')." 

j-1  ) t-1 

f 

I 


V (R)  - I o* 
t-l 
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The  revenue  function  thus  defined  (2.8)  Is  then  concave  and  non- 
decreasing as  desired. 

Equilibrium  between  the  economic  sector  and  the  unique  supplier  Is 
reached  through  an  Iterative  or  tatonnement  process  depicted  In  Fig.  2.2: 
1)  the  supplier  announces  a supply  schedule  of  the  depletable  resource, 
r ^ .r^, . . . ,r^ ; 2)  the  economic  sector  reacts  to  It  by  announcing  for  each 
period,  at  those  levels.  Its  cost  of  meeting  demand  $*■,  or  equivalently. 
Its  cost-savings  through  B^  as  defined  In  (2.8),  and  Its  shadow  price 
which  can  be  viewed  as  bid  prices  for  marginal  depletable  resource  units; 
3)  either  equilibrium  (2.9)  has  been  reached  or,  given  this  new  informa- 
tion, the  supplier  revises  his  supply  schedule.  Further  details  on  this 
iterative  process  as  well  as  its  convergence  properties  are  presented  In 
section  2. III. 


Figure  2 .2 
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2. III.  Convergence  to  Equilibria 

In  this  section  we  illustrate  the  computation  of  for  two  differ- 
ent specifications  of  the  sectoral  problems:  linear  and  convex.  Conver- 
gence properties  differ  in  both  situations  and  are  summarized  in  Theorems 
2.1  and  2.2,  respectively. 

2.1II.1-A  LP-Sectoral  Problem 

The  functions  are  computed  by  solving  in  each  period  t the  LP- 
eeotorat  problem'. 


4'*'(r)  = min  c*'x*‘  + f^s*" 

(2.10a) 

s.t.  p^x*"  S 

r 

(2.10b) 

aJx*^  - s*^  < 

0 

(2.10c) 

AjX^  i 

(2.10d) 

0 S x*^ 

(2.10e) 

0 s s^  i 

(2.10f) 

where  the  vector  decision  variables  and  s^  denote  the  activities 
level  of  operation  and  the  amounts  purchased  of  the  alternative  primary 
supplies  respectively.  Unit  costs  are  given  by  the  non-negative  vectors 
c^  and  f^  respectively.  The  matrices  and  A^  give  the  technological 
coefficients  for  supply  and  demand  respectively  and  is  a vector  deno- 
ting the  unit  depletable  resource  usage  of  the  corresponding  activities. 
Since  the  depletable  resource  is  non-produclble,  i 0.  The  objective 


I 
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(2.10a)  Is  the  minimization  of  costs  In  each  period  t.  Costs  Include 
both  the  operational  costs  of  the  sector's  activities  as  well  as  the  ex- 
penditures on  the  alternative  primary  supplies'  purchase.  The  fact  that 
the  depletable  resource  usage  cannot  exceed  its  availability  is  indicated 
by  (2.10b).  Constraints  (2.10c)  and  (2.10d)  are  the  ordinary  supply  and 
demand  restrictions.  Finally  (2.10e)  and  (2.10f)  represent  the  non- 
negativity  constraints  as  well  as  the  existence  of  upper  bounds  on  the 
utilization  of  alternative  primary  supplies.  The  sectoral  model  BESOM 
[ 3],  described  in  section  1.II.3.,  is  exactly  of  this  form,  except  for 
environmental  constraints  which  are  not  binding. 

The  functions  $ derived  from  (2.10)  have  desirable  properties  as 
summarized  by  the  following  Lemma. 

Lemma  2.1  given  by  (2.10)  is 

1)  non-increasing  and  convex; 
ii)  piecewise  linear  with  a finite  number  of  segments. 

Proof:  Let  X*'(r)  denote  the  set  of  feasible  solutions  to  (2.10)  or 
equivalently 

X^(r)  -=  {(x^,s*^)  |p*^x^  < r.AjX^  - s*^  i O.A^x*^  i <i^,x^  i 0,0  i s^  S . 

It  is  trivial  to  observe  that  for  r^  > r2,X^(r2)9  X^(rj)  and  therefore 
it  must  be  that 

®*'(rj)  s t^rp  . 

t 

I 

» 

I 
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To  prove  convexity,  notice  that  if  |xj,s^[  e X^(r^)  and  ^ 

X^'Cr^)  then 

■|u)Xj  + (1  - (d)x2,WS^  + (1  - ^ ~ 

for  any  0 i u S 1.  Letting  these  be  optimal  solutions  associated  with 
^'■(r^)  and  respectively,  we  have 

+ (1  - a))r^)  < c*"  [lox^  + (1  - io)x^]  + f*'[a)S^  + (1  - u))s2]  = 

a)$*'(r^)  + (1  - u)<S>^(.r^) 

which  completes  the  proof  of  (i) . 

To  prove  (ii) , consider  determining 

$(b)  = min  CX 

s.t.  Ax  = b,  X 2:  0. 

Problem  (2.10)  can  be  easily  rewritten  in  this  format.  For  any  b,  let  B 
denote  the  optimal  basis  and  partition  A = [B,N],  c = [Cg,C|^]  and 
X “ [Xg,X|^].  By  letting  Xj^  = 0 and  Xg  = B ^b,  the  optimal  value  for  $ is 
given  by 

*(b)  “ CgB  ^b. 

This  solution  remains  optimal  as  long  as  Xg  ■■  B ^b  2 0.  Thus  for  all  b 
within  this  polyhedron  is  linear  in  b as  given  above.  With  each  basis 
there  is  a unique  linear  segment  of  i associated  with  it.  Since  the  num- 
ber of  bases  that  can  be  selected  from  A is  finite  there  can  only  be  a 
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a finite  number  of  such  segments. || 

Let  n denote  the  shadow  prices  or  dual  variables  on  the  depletable 
resource  availability  constraint  (2.10b),  v denote  the  shadow  prices  on 
the  supply  constraints  (2.10c),  u denote  the  vector  of  shadow  prices  on 
the  demand  constraints  (2.10d),  and  w denote  the  shadow  prices  on  the 
upper-bound  constraints  (2.10f).  Linear  programming  duality  theory  gives 
the  cost-savings  function  as 


B*'(r)  = ^^(O)  - $*'(r)  = minimum  | (0)  - + Tr^’^r| 

1 1 Tyb 


k=l,...,A: 


(2.11) 


where  v^’^,  u*"’^,  w^’^)j  is  the  set  of  extreme  points  of  the 

dual  problem 


$^(r)  = max  - ir*'r 


- w^a^  + 


- 


t t 

V - w 


+ u'^A^  < c^ 
2 


< f 


(2.12) 


> 0,  v*^  > 0,  u*^  > 0,  w*^  > 0 

with  cardinality  finite  as  a result  of  Lemma  2.1. 

From  a parametric  linear  programming  viewpoint  as  r is  Increased 
from  0,  the  function  ^^(O)  - ^^(r)  can  be  calculated  in  terms  of  a se- 
quence of  decreasing  tt  values  which  are  optimal  in  problem  (2.12).  The 
form  of  $^(0)  - 'l'^(r)  as  given  by  (2.11)  is  depicted  in  Figure  2.3. 


!■ 


r 


Figure  2.3 

An  Iterative  approach  to  solve  the  supplier's  problem  (2.1)  is  re- 
quired because  in  general  the  concave  piecewise  linear  functions  0*"  gen- 
erated by  (2.10)  and  (2.8)  are  composed  of  a large  number  of  linear  seg- 
ments. This  difficulty  is  overcome  by  working  with  the'  upper-bound 
approximations 

0*^’”(r)  = minimum  |(**^(0)  - + Tt*^’*^r}  (2.13) 

k-1, . . . 

which  results  when  some  linear  segments  are  omitted  from  (2.11)  (i.e. 

Zr*'*”  s By  upper-bound  approximations  we  mean  B*'*”(r)  i 0^(r)  for 

all  r a 0.  The  approach  is  depicted  in  Figure  2.2. 

At  Iteration  n,  the  supplier's  problem  (2.1)  is  solved  using  the 

approximation  The  result  is  a vector  of  non-negative  resource 

levels  1-  satisfying  Z r^’  i R which  are  sent  to  the  sectoral  pro- 

t“l 

blems  (2.10).  The  sectoral  problems  are  optimized  using  these  resource 
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levels  yielding  the  costs 

t,n+l  t,n+l  j t,n+l 
Ti  ’ , w ’ and  V ’ 


and  the  dual  variables 
If 


^t(^t,n)  ^ ^t^Q^  _ gt.n^^t.n^ 

for  all  t=l,2,...,T  then  (r  ^ ’’^,r^ . ,r^’'^)  is  an  equilibrium  solution 
because  it  satisfies  (2.9),  since 


V^(R) 


and. 


t=l  ' j=l  ’ t=l 


(2.14a) 


V (R)  > I {<{>*' (0)  - $‘'(r‘'’")  - r^ ’'',r*' ’")l  + aV^^R  - f r*"’"') 

t=l  ' j=l  ' t=l 


(2.14b) 


Conversely  if 


> ^^(O)  - e*^’"(r'^’") 


for  some  t=l,2,...,T  then  the  supplier  has  strictly  overestimated  the 
revenue  that  can  be  received  from  the  economic  sector  in  those  periods . 
In  the  latter  case  the  supplier  reoptimizes  using  the  tighter  approxima- 
tion in  period  t which  results  by  adding  a new  linear  segment  to 

the  approximation  (2.13), 

t,n+ljt  . ,t,n+l  t)  . t,n+l 
(0)  - u a+w’  8)  + Ti  r 

or  by  taking  r^’*'  as  a reference  level, 

♦ (0)  - $ (r  ’ ) + n ’ (r-r  ’ ) . 
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Equivalently, 


Lt*n+1  „ ^^t.n+ly,n+l^^t.n+l^^t,n+lj 


where  Is  the  subset  of  known  at  iteration  n,  with  cardinality 

L^'^.  The  new  resource  levels,  are  then  sent  to  the  sectoral 

problems  and  the  process  is  repeated. 

This  Iterative  approach  will  convex ge  to  an  equilibrium  solution 
(2.9)  in  a finite  number  of  iterations.  The  argument  is  summarized  in 
the  following  theorem. 


Theorem  2.1;  (Finite  Convergence)  The  iterative  scheme  described  above 
converges  to  an  equilibrium  solution  after  a finite  number  of  iterations 
between  the  supplier's  problem  (2.1)  and  the  LP-sectoral  problems  (2.10). 

Proof:  This  is  because  each  Iteration  between  the  LP-sectoral  problems 

and  the  supplier's  problem  either  finds  an  equilibrium  solution  or  causes 

at  least  one  linear  segment  to  be  added  to  the  approximations  (2.13)  for 

some  t.  Since  by  Lemma  2.1  there  is  only  a finite  number  of  such  seg- 

t , I 

ments  an  equilibrium  must  be  reached  in,  at  most,  j;  K iterations. | | 

t=] 

The  iterative  approach  described  above  can  be  seen  equivalent  to 
applying  Benders'  [ 2]  decomposition  to  the  problem 
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T t-1 

V^(R)  = nax  I {$*^(0)  - c‘^x*^  - ( I } + 


t=l 

j 

TflT+l 

T 

r 

r*") 

a 8 (R 

- 1 
t=l 

s.t.  p*’x*'  - r*"  < 

0 

t=l,2,...,T 

AjX*"  - < 

0 

t=l,2,...,T 

A^x*"  > 

t=l,2,...,T 

T 

y r*^  < 

R 

u — 

t=l 

£ x*",  0 ^ s^  ^ 

0 £ r*^ 

t=l,2,. 

(2.15) 


For  a fixed  supply  schedule  r ^ ,r^ , . . . .r"^,  problem  (2.15)  is  separable  in 
time.  It  breaks  into  T subproblems,  the  LP-sectoral  problems  (2.10). 

The  master  problem  is  the  supplier's  problem  (2.1)  under  the  definition 
(2.8)  for  the  supplier's  revenue  function.  Problem  (2.15)  can  be  inter- 
preted as  a maximization  of  the  discounted  benefit,  under  the  assumption 
of  constant  marginal  utilities  with  '*■^(0)  ta’xen  as  reference  value.  The 
other  interpretation  is  the  minimization  of  the  present  value  of  sectoral 
plus  supplier's  costs. 

As  a matter  of  fact,  when  the  unique  economic  sector  considered  here 
is  an  aggregate  of  a competitive  demand  market  and  the  unique  supplier's 
extraction  cost  function  is  an  aggregate  extraction  cost  function  of  a 
competitive  supply  market,  problem  (2,15)  is  a maximization  of  the  dis- 


\ 
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counted  sum  of  consumers'  plus  producers'  surplus.  This  is  because  in 
the  latter  case  the  sectoral  cost-savings  as  defined  by  (2.7)  is  a mea- 
sure of  consumers'  surplus  and  the  unique  supplier  is  assumed  through  the 
definition  (2.8)  to  capture  as  revenue  the  full  amount  of  this  surplus. 
Consequently  the  resource  allocation  resulting  from  solving  (2.15) 
through  the  iterative  approach  described  above  v;ill  be  efficient.  We 
shall  delay  a further  discussion  of  this  matter  until  Chapter  3. 

2. III. 2.  A Convex  Sectoral  Problem 

In  this  subsection  we  illustrate  the  computation  of  by  solving  in 
each  period  t a convex  sectoral  problem: 


■ min  c^(x^)  + f^(s^) 

(2.16a) 

s.t.  F*'(<i^;  {x^,s^,z^})  < 0 

(2.16b) 

t 

z < r 

(2.16c) 

0 S s*^  i s^ 

(2.16d) 

0 < x*" , 0 < z^ 

(2.16e) 

where  the  triple  {x^,s^,z^}  denotes  the  inputs  to  the  production  of  end- 
use  goods:  the  non-primary  resources,  alternative  primary  supplies  and 
the  depletable  resource,  respectively.  The  objective  (2.16a)  is  the  mini- 
mization of  costs  where  the  cost  function  c^  and  f^  are  assumed  convex 
continuous  and  increasing.  Constraints  (2.16b)  give  the  feasible  produc- 
tion possibilities.  The  vector-valued  function  is  assumed  convex  and 


continuous.  Tlie  depletable  resource  usage  is  constrained  by  its  avails- 
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blllty  by  (2.16c).  Upper  bound  restrictions  and  non-negativity  are  im- 
posed by  (2.16d)  and  (2.16e).  We  further  assume  that  problem  (2.16) 
satisfies  a constraint  qualificc'tion,  or  Slater  condition,  requiring  that 
for  all  r > 0,  there  exists  a triple  satisfying  (2.16c), 

(2.16d)  and  (2.16e)  such  that 

F*'((i*’;{x*',s^,2*'})  < 0. 

Under  the  above  conditions  we  can  show 

Lemma  2 . 2 O*"  given  by  (2.16)  is  non-increasing  in  r and  convex. 


Proof:  Characterize  the  set  of  feasible  solutions  to  (2.16)  by 


X*^(r)  = |{x*^,s*^,z*^}  |F*^(a’*^;  {x*^,s*^,z^})  < 0,0  i z*^  i r,0  < x^,0 


S s 


As  in  the  proof  of  Lemma  2.1,  it  is  easy  to  show  that  for  r^  k r^, 

X*'(r  ) C X*'(r  ).  Therefore  we  must  have 
2 • 1 

^^(r  ) i ^^^(r  ) . 

1 2 

To  prove  convexity,  we  need  observe  that  since  is  convex,  if 
{x^,Sj,Zj}  e X*^(r^)  and  {■x.^,s^,z^}  e X*^(r2),  then 

{(oXj  + (1  - u)x2,u)Sj  + (1  - (jj)s2fa)Zj  + (1  - (d)z2}  t 

X}((ar  j + (1  - w)r  2) 

for  any  0 < w < 1.  Letting  these  be  the  optimal  solution  for  ♦'"(r^)  and 
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respectively  we  have,  by  the  convexity  of  c^  and  f*”,  that 

+ (1  - i c*^(a)Xj  + (1  - w)x2)  + + (1  - u))s2)  i 

a)[c*^(Xj)  + 1*^(3 j)]  + (1  - w)[c*^(x2)  + f*^(s2)]  = 
o)$^(rj)  1-  (1  - w)4'*^(r2) 

v/hlch  completes  the  proof  of  the  lemma.  [ | 

Since  4>^  is  a real-valued  convex  function  it  is  lower  semi-continu- 
ous and  continuous  in  any  open  subset  of  its  domain  (see  Rockaf ellar [ 70]) . 
In  order  to  guarantee  continuity  at  r=0,  we  need  require  that  the  point- 
to-set  mapping  X^(r)  be  contiruous  at  r=0  (see  Meyer  [6A]) • While  this 
is  not  crucial  for  our  development  since  the  resulting  revenue  functioti 
s'"  will  be  upper-sem  i-continuous , whenever  we  need  the  continuity  of  6 we 
are  making  this  assumption  about  the  convex  sectoral  problem  (2.16). 

- Let  p denote  the  shadow  prices  or  multipliers  on  constraints  (2.16b) 
and  Tt  denote  the  shadow  prices  on  the  depletable  resource  availability 
constraint  (2.16c).  Under  the  Slater  condition,  convex  programming 
duality  theory  (see  Lasdon  [54])  gives  the  cost-savings  function  as: 

6^(r)  = 4^(0)  - 4'*'(r)  = minimum  {4>*'(0)  - Y^(r;p,Tr)} 

P > 0 

n > 0 


where 
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Y^(r;y,iT)  = - ir^r  + min  + £*^(8*^)  + 

p^F^(d*^;{x^,s^,z^})  + ir^z^  } 
s.t.  0 < x^,  0 < 8^  < s^,  0 £ z^ 

An  iterative  approach  is  required  to  solve  the  supplier's  problem 
(2.1)  because  generating  may  involve  doing  a non-trivial  parametric 
non-linear  progrananing.  This  is  also  overcome  by  working  with  the  upper- 
bound  approximations : 

3*’’'^(r)  = minimum  {$^(0)  - Y*'(r;y*'*^,u^’^}  (2.17) 

k=l,...,L‘^’" 

which  results  when  only  a finite  subset  of  the  multipliers  is  considered 
(i.e.,  < ») . It  is  trivial  to  verify  that  tha  resulting  approxima- 

tion p*"’”  is  a concave  piecewise  linear  function.  The  approximations 
(2.17)  are  depicted  in  Figure  2.4. 
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The  Iterative  process  is  equivalent  to  the  linear  case.  At  itera- 
tion n,  the  supplier's  problem  is  solved  using  the  approximation 
The  result  is  a vector  of  non-negative  resource  levels  r^*”  satisfying 

r^^*  i R which  are  sent  to  the  sectoral  problems  (2.16).  The  sectoral 

t=l 

problems  (2.16)  are  optimized  by  any  applicable  method  using  these  re- 
source levels  yielding  costs  <J*'(r*'’*')  and  the  multipliers  and 

If 

$t(rt.n)  ^ ^t^Q^  _ ^t,n^j.t.nj 

for  all  t=l,2,...,T  then  an  equilibrium  solution  (2.9)  has  been  reached. 
Conversely,  if 

4>'^(r^’")  > $’^(0)  - B*^’’^(r*^’") 

for  some  t=l,2,...,T,  a tighter  approximation  in  period  t,  is 

available  for  the  supplier  reoptimization  by  the  inclusion  of  the  new 
linear  segment 

t,n+l  t,n+l.. 

(«  (0)  - Y (r;p  ,it  ’ )) 

or  by  taking  r*"’"  as  a reference  level, 

■ t.^v  IfO.  . t, n 1 1 . t , n. 

4>  (0)  - 4'(r  )+x  (r-r  ). 

Eqtilvalently , 

,t,n+l  ,t,n,|  f t,n+l  t,n+l, 

L ’ *=  L * U {p  ’ ,iT  ’ }. 

New  resource  levels  are  sent  to  the  sectoral  problems  and  the  pro- 

cess is  repeated. 
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This  iterative  approach  can  be  Identified  with  applying  Geof- 
frion's  [26]  generalized  Benders'  decomposition  to  the  problem: 


r t-l,.t,-.  t,  t»  ,t,  t«  j t» , . T„T+1 r tv 

max  la  {it  (0)  - c(x)-f(s)-g(2,^»’^)]+aB  (R-/, 


t=l 


j = l 


t=l 


s.t.  F*^(d*^;{x^,s‘^,z‘^})  s 0 t=l,2,...,T 


i r*"  t=l,2, . . . ,T 


(2.18) 


I r*"  < R 
t=l 


0 i x^,  0 i s*"  < 0 < z^,  0 < r^  t=l,2 T 


The  statement  of  this  equivalence  as  well  as  the  interpretation  of  (2.18) 
are  readily  seen  similar  to  that  of  problem  (2.15). 


Theorem  2.2:  (Infinite  Convergence)  The  iterative  approach  converges  to 
an  equilibrium  solution  between  the  supplier's  problem  (2.1)  and  the  con- 
vex sectoral  problems  (2.16)  as  the  number  of  iterations  tends  to  infi- 
nity. 

Proof:  The  proof  of  this  theorem  encompasses  features  of  related  proofs 
by  Geoffrion  [26]  and  Magnantl,  Shapiro  and  Wagner  [59]. 

Let  denote  the  equilibrium  (2.9)  value  of  the  supplier's  problem 

(2.1),  and  < V^; (r ^ *",r^ r^*")  > the  sequence  of  optimal  solutions 

to  the  supplier's  problem  at  successive  executions  of  the  iterative 
approach  thus  described.  Similarly  let  <(p^  , . . . , ; 

(x  ,...,x  ,...,x  ’ ) > denote  the  corresponding  sequence  of 
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shadow  prices  to  the  sectoral  problem  (2.16).  Since 

< B*^‘"‘''^(r)  < B*^’"(r)  for  all  r 


we  observe  that 

V.J,  < < Vj  for  all  n=l,2 

That  is,  the  sequence  {V^}  is  non-increasing  and  bounded  from  below. 

The  sequence  {r^’*^}  is  in  the  compact  set  [0,R]  for  t=l,2,...,T.  In  addi- 
tion, the  Slater  constraint  qualification  implies  that  the  set  of  optimal 
multipliers  <w;Tr>  is  uniformly  bounded  (see  Geoffrion  [26]  ).  Thus,  we 
may  choose  a converging  subsequence,  if  necessary,  such  that 


lim 

= V 

T T 

11m 

t ,n  -t 

r = r 

t=1.2 

lim 

t ,n  »t 

V = u 

t=l,2 

lim 

t,n  -“t 

n = ir 

t=l,2 

yielding 

:£  vj  for  all  n. 


In  order  to  complete  the  proof  we  need  to  show  now  that 

The  following  relation  holds  by  the  accumulation  of  linear  segments 
in  the  approximations  (2.17), 


(2.19) 


I 
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Subtracting  from  (2.19),  the  extraction  cost  g^(  E ^ j 

t-i 

and  after  multiplication  by  a , adding  over  t and  subsequently  adding 
T 

^TgT+l^j^  - z on  both  sides  yields 


t**! 


t T+1  t 

From  the  continuity  of  g , 8 and  Y , taking  limits  on  both  sides  gives 


V_  < I a*^  - Y*^(r'^;p*^,iT*^)  - g*^(  I r^,r^)}  + - I r*^) 


We  need  to  show  that 

t=l,2,...,T 

or,  in  other  words,  that  <u*';it*'>  belongs  to  the  point-to-set  mapping  of 

t ^ t 

optimal  multipliers  for  $ (r  ) . For  this  purpose  let  this  set  be  charac- 
terized by 

W*^(r)  = {<u*^;iT^»  0|Y*^(r;p^,iT*^)  = max  Y*^(r ;p j,n^) } 

Pj  a 0 

i 0 

From  the  continuity  of  Y^  and  Meyer's  [(64)  Theorem  1.5],  W^(r)  is  an 
an  upper-seml-contlnuous  polnt-to-set  mapping  and  hence 


} 
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From  Lemma  2,2,  is  a real  valued  convex  function  and  hence  lower 

semi-continuous  (see  Rockafellar  [70]).  From  the  continuity  of  g*", 

T+1 

t=l,2,...,T  and  6 , for  an  arbitrary  e > 0,  there  exists  an  N such  that 

for  n ^ N 


:S  'I' 


'(ih  + -^--4 


t=1.2 T 


3 (1  - a^) 


t-1 


j = l 


g‘a'  ' % 

j=l 


3 (1  - ct") 


t=l,2,...,T 


and 


(R 


t=l 


yielding 


V < V < ^ - **'(r‘'’")  - g^Y  + 


t'-l 


J=1 


aV*‘\R  - I r*"’")  + e < V + e. 
t-1 


The  last  step  follows  because  (r^ ’”,r^’", . . . ,r'^*")  is  a feasible  schedule 
to  the  supplier's  problem  (2.1). 

Since  e was  chosen  arbitrarily,  it  must  be  that 


11m  V"  » 

T T T 
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which  completes  the  proof . | | 

2. IV.  Solution  Methods  for  the  Sectoral  and  Supplier  Subproblems 

In  this  section  we  shall  briefly  discuss  possible  solution  methods 
to  the  sectoral  and  supplier's  problems. 

2.1V.1.  The  Sectoral  Problems 

Of  course  the  LP-sectoral  problems  (2.10)  are  trivial  to  solve  and 
require  no  further  discussion.  ^Vhen  the  sectoral  problem  is  a non-linear 
convex  program  of  the  form  (2.16)  it  can  be  solved  at  each  iteration  by  an 
approximating  grid  linearization,  as  suggested  by  Wolfe  [93].  Lineariza- 
tion of  the  non-linear  functions  c^,  f*"  and  on  a set  of  grid  points 
{(Xj,s^,z^)}  yields  an  equivalent  linear  program  that  results  from  re- 
stricting the  decision  variables  to  lie  on  the  convex  hull  generated  by 
the  grid  (see  Lasdon  [54]). 

There  is,  however,  no  general  rule  for  determining  the  number  of  grid 
points  required  for  an  accurate  approximation  of  the  non-linear  functions, 
Dantzlg's  [12]  generalized  linear-programming  would  improve  the  approxi- 
mations by  generating  iteratively  new  grid  points.  Convergence  to  an 
optimal  solution  has  been  proved  for  convex  programs,  such  as  the  convex 
sectoral  problem  (2.16),  to  occur  as  the  number  of  Iterations  tends  to 
infinity.  Once  an  approximating  grid  is  considered  satisfactory,  possibly 
after  a few  generalized  linear-programming  iterations,  the  approximated 
cost-function  i^(r)  is  convex,  non-increasing  and  piecewise  linear  with  a 


finite  number  of  segments.  For  the  approximated  (linearized)  convex 
sectoral  program  finite  convergence  as  established  in  Theorem  2.1  holds 
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Hence,  for  all  purposes,  in  some  of  the  subsequent  chapters  we  shall  con- 
centrate on  piecewise  linear  cost-savings  functions  that  result  from 
either  an  LP-sectoral  problem  (2.10)  or  grid  linearizations  of  convex 
sectoral  problems  such  as  (2.16). 


2. IV. 2.  The  Supplier's  Problem 

In  the  case  of  a non-linear  supplier's  problem  in  order  to  benefit 
from  the  simplicity  of  the  linear  constraints,  algorithms  equivalent  to 
the  reduced-gradient  method  of  Wolfe  [93]  can  be  particularly  useful. 
Alternative  solution  methods  include  solving  the  unconstraiiied  supplier's 
problem  with  the  salvage  function  extended  to  (-  + “) 

6^'*‘^(S)  S > 0 

- 00  S < 0 


In  practice  this  can  be  handled  by  penalty  methods  (see  Luenberger  [56]) 
which  would  set  an  arbitrarily  large  negative  penalty  for  supply  schedules 

T t T ^ 

violating  the  constraint  Z r i R,  or  in  other  words,  with  Z r > R. 

t=l  t=l 


Dual  methods  for  solving  the  supplier's  problem  can  also  be  of  practical 
interest  as  the  Lagrangian  takes  a simple  form.  In  the  latter  case  we 
would  solve 


min  {+  XR  + max 


XiO 


r^iO 

t=l,2, . . . ,T 


T 

( I 

t=l 


t-1 


[a*^”N6*'(r‘')  - g*^(  I r^r*")}  - Xr*^]  + 


T 

- I 

t“l 


r*")}}. 
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Of  special  Interest  is  the  case  of  piecewise  linear  revenue,  extrac- 
tion cost  and  salvage  functions,  as  the  resulting  supplier's  problem 
becomes  equivalent  to  a linear  program.  This  is  illustrated  for  the 
special  case  where 

g (E,r)  = e(E+r)  - e(E)  t=l,2,...,T  (2.20a) 

1 

where  e is  a convex  piecewise  linear  "cumulative"  cost  function  (e.g. 

Zimmerman  [97]),  giving  the  total  accumulated  cost  of  extra[Cting  E units 
of  the  resource,  independent  of  the  time  period.  Let  it  be  represented 
by 

e(E)  = maximum  (2.20b) 

j=l,  2 , . . . ,t7 

with  s 0 and  i 0.  For  concave  piecewise  linear  revenue  and  sal- 
vage functions 

6^(r)  = minimum  + Tt^’^r}  (2.21) 

k=l,2,..,,Xt 

6'^'*'^(S)  = minimum  (2.22) 

k=l,2,...,X^^^ 

t Ic  t k 

with  b ’ , n ’ >0,  the  supplier's  problem  (2.1)  can  be  conveniently  re- 

T+1 

written  as  a linear  program  with  E + TJ  additional  constraints. 

t“l 

The  LP-supptiev ' s problem  is  then 

r 

V (R)  = max  I + I a*^"\l  - a)/  + 

t“l  t“l 
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s.t.  z 


k=l,2,...,A:‘^,  t=l, 


2, . . . ,T 


/ < -e^  - Y^(  I r^)  j=l,2....,J,  t=1.2 T 

i=l 


(2.23) 


z"^^  I rS  k=1.2..... 

i=l 


,K 


T+l 


t=l 


r*^  > 0 t=l,2, . . . ,T. 


We  can  notice  that  when  the  planning  horizon  T is  long  and  the  re- 
venue functions  3^  and  cumulative  cost  function  e have  a large  number  of 
linear  segments,  problem  (2.23)  may  turn  into  a large  scale  linear  pro- 
gram. For  this  purpose  we  illustrate  the  solution  to  the  supplier's  pro- 
blem through  the  sequence  of  backward  dynamic  programming  recursions 
(2.5). 


Lemma  2.3:  The  functions  V^(S)  as  given  by  (2.5)  are 

i)  non-decreasing, 
ii)  concave. 

Proof;  The  proofs  are  carried  by  backward  induction.  It  is  certainly 
T+ 1 T+l 

true  for  because  6 is  non-decreasing  and  concave  by  assumption. 

Suppose  is  non-decreasing  in  S and  let  i then 
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vi^(S  ) = max  (e’^Cr)  - g^(R  - S ,r)  t-  av]^'^^(S  - r) } > 

Osr<Sj  ‘ 

max  {B*^(r)  - g‘^(R  - S ,r)  + aV^,’^^(S  - r) } i 

0<r<S  ‘ ^ ' 

2 

max  (e^'Cr)  - g’^CR  - S .r)  + aV.^/'\s  - r) ) = vJ;(S  ) 

0<r<S  ^ 12  12 

2 

where  the  last  step  follows  from  the  fact  that  g*"  is  non-decreasing  in  its 

t+l 

first  argument  and  is  non-decreasing  by  assumption.  This  completes 

the  proof  of  (i). 

To  prove  concavity  let  r^  and  r^  be  optimal  solutions  corresponding 
to  V^(Sj)  and  respectively.  Then  ^or  any  0 < u < 1 

0 < wtj  + (1  - w)r^  < u)Sj  + (1  - u))S^ 

and 

V^(wSj  + (1  - oj)S^)  > e'^CojrJ  + (1  - - 

g*^(R  - + (1  - (o)S^,  ur^  + (1  - ui)r2)  + 

aV^'^^(a)Sj  + (1  - a))S^  - corj  + (1  - a.)r^)  > 

toV^(Sj)  + (1  - a))V^(S^) 

where  the  last  step  follows  from  the  concavity  of  and  and  the 

convexity  of  g*".  This  completes  the  induction.  | | 
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Lemma  2.4;  If  the  functions  6^,  t=l,2, . . . ,T+1,  and  e are  piecewise 
linear  with  a finite  number  of  segments  then  the  functions  V^(S)  as  given 
by  (2.5)  are  piecewise  linear  with  a finite  number  of  segments. 

T+1 

Proof:  The  proof  is  carried  by  backward  Induction.  Since  (S)  = 

T+1  T+1 

3 (S)  the  function  is  piecewise  linear  with  a finite  number  of  seg- 
ments by  assumption.  Suppose  is  piecewise  linear  with  a finite  num- 

ber of  segments  and  let  it  be  represented  by 

„t+l.„.  . . f t+1  ,m  , _t+l,m„-, 

(S)  = minimum  {u  + C S} 

m 1 y . . . yM 

The  function  can  then  be  rewritten  as 

V^(S)  = -e(R  - S)  + maximum  {z*^  + / + (2,24) 

s.t.  + Tr‘^**^r  k=l,2,..,,A:‘^ 


s - (R  ~ s + r)  j=l,2,...,t7 


uo 


,t+l  ^ yt+l,m  ^ ^t+l.mg 


m=l,2, . . . ,M 


0 i r S S 


As  shown  in  Lemma  2.1,  the  right-hand  maximization  results  in  a piecewise 
linear  function  of  S with  a finite  number  of  segments.  Since  V^(S)  is 
the  difference  of  two  piecewise  linear  functions  with  a finite  number  of 
segments,  the  lemma  is  proved. | | 

Conveniently  enough  V^(S)  can  be  generated  by  parametric  linear  pro- 


granziing  on  (2.24) 
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The  Iterative  approach  described  in  section  2. Ill  would  imply  sol- 
ving at  each  iteration  an  approximated  supplier's  problem  that  can  be  ' 

seen  as  a relaxation  of  (2.23).  The  LP-suppller 's  problem  that  would  be 
solved  at  each  Iteration  has  fewer  constraints  than  (2.23)  as  s , 
for  t=l,2,...,T.  Each  iteration  either  finds  an  equilibrium  solution  or 
generates  another  constraint  to  the  LP-suppller 's  problem  (2.23). 

Obviously  the  supplier's  problem  can  also  be  solved  at  each  iteration 
by  dynamic  programming.  For  the  present  case  this  would  involve  computing 
at  each  iteration  an  approximation  to  the  functions  V^,  consisting  of  a 
relaxation  of  (2.24),  when  only  a subset  of  and  M is  considered. 

Apparently  a more  efficient  procedure  could  result  from  the  application 
of  state-reduction  algorithms  such  as  the  one  proposed  by  Wilde  [92].  By 
restricting  the  state-space  (S)  search,  we  can  eliminate  the  expensive 
parametric  linear  programming  over  the  entire  state-space.  Also  specific 
simpler  algorithms  may  be  derived  to  deal  with  the  dynamic  programming 
recursions  (2.5).  A greedy  algorithm  is  suggested  in  section  2. VII  to 
deal  with  stationary  piecewise  linear  revenue  and  extraction  cost  func- 
tions. 

2.V.  Extensions  of  the  Basic  Model 

In  this  section  we  present  some  straightforward  extensions  of  the 
basic  model  discussed  in  sections  2. II,  2. Ill  and  2. IV.  These  are  accom- 
panied by  remarks  and  or  conditions  that  make  them  applicable. 

2.V.I.  Alternative  Possibilities  for  Equilibrium  ^ 

I 

While  the  definition  of  the  revenue  function  and  the  equilibrium  con-  1 
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dltlon  (2.9)  makes  the  exposition  of  the  decomposition  approach  in  sec- 
tion 2. Ill  more  clear  in  terms  of  the  iterative  approach  between  sector 
and  supplier,  there  are  sensible  alternative  definitions.  The  present 
conditions  (2.8)  and  (2.9)  do  not  imply  any  loss  of  generality  as  we  shall 
show  in  this  section. 

Alternative  behavioral  assumptions  to  the  sector's  willingness  to  pay 
to  the  supplier  the  full  amount  of  its  cost-savings  could  have  been  im- 
posed. For  example  the  sector  may  be  willing  to  pay  to  the  supplier  only 
a fraction  of  its  cost-savings.  Also  the  existence  of  external  agents 
absorbing  a fraction  of  the  supplier's  revenue  would  imply  in  a modifica- 
tion of  (2.8)  and  (2.9). 

The  revenue  function  could  be  defined  alternatively  as 

6*^(r)  H ij;*^[e*^(r)  ,r] 

and  the  equilibrium  condition  (2.9)  would  have  to  be  modified  accordingly. 
We  shall  argue  that  as  long  as  i(;^  is  concave  and  non-decreasing  in  its 
first  argument  the  iterative  approach  converges  to  an  equilibrium  solution 
because 

Lemma  2.5;  If  il;*"  is  concave  and  non-decreasing  in  its  first  argument  then 
B*"  is  concave. 

Proof:  The  function  3^  is  concave  because  of  definition  (2.8)  and  Lemmas 
2.1  and  2.2.  Then  for  any  0 < oi  < 1 

B*^(mrj  + (1  - a))r2)  > a.B*^(rj)  + (1  - m)3*^(r2) 
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Now 

g^Cur  + (1  - a))r  ) > iJy^[a)6^(r  ) + (1  - iu)p^(r  ),  ur^  + (1  - !»))r  ] > 

+ (1  - u))B‘'(r2) 

because  is  non-decreasing  in  its  first  argument  (first  step)  and  con- 
cave (last  step) . I I 

Several  institutional  instruments  fall  into  the  category  described 
by  Lemma  2.5.  Among  those  we  can  cite: 

i)  Price  Regulation: 

i*^(r)  = i{)*^[e*^(r)  ,r]  = min  {p*^r,  6*^(r)} 

where  p^  is  an  exogenously  given  upper  bound  on  the  unit  price 
that  can  be  paid  to  the  supplier. 

11)  Cost  of  Externalities: 

B^r)  = i|;‘'[6*'(r),r]  = B^r)  - ^‘'(r) 

where  is  convex  and  increasing  reflecting,  for  example,  the 
social  costs  of  pollution. 

ill)  Tax  Depletion  Allowance 

B’'(r)  - .j-*'[B^(r),r]  - [l  + -J^]  B‘'(r) 

where  n Is  the  percentage  of  depletion  allowance  and  t Is  the 
tax  rate.  For  0 1 n < 1 the  before-tar  revenue  function  g^  is 
higher  that  B^* 


1 

J 
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Three  institutional  possibilities  were  explored  to  take  into  account 
institutional  agents  that  may  exist  between  the  economic  sector  and  the 
supplier.  These  have  been  summarized  by  the  institutional  operator 
The  extension  of  the  iterative  approach  to  Include  those  external  factors 
is  summarized  in  Figure  2.5 


Figure  2.5 

The  iterative  approach  would  involve  solving  the  supplier's  problem  at 
each  iteration  using  the  new  upper-bound  approximations 

g^’"(r)  - i|/*'[6’'*'"(r),r] 
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where  6^’”  is  given  by  (2.13).  Since  we  assumed  to  be  non-decreasing 

n 

in  its  first  argument  g ’ (r)  i 6 (r)  for  all  r i:  0.  We  shall  concen- 

t t 

trate  for  simplicity  on  examples  of  iji  yielding  revenue  functions  B that 
are  piecewise  linear  with  a finite  number  of  segments  besides  being  con- 
cave. 

The  iterative  process  is  then  equivalent  to  section  2. III.  At  itera- 

tion  n,  the  supplier's  problem  is  solved  using  the  approximation  6 ’ . 

The  result  is  a vector  of  non-negative  resource  levels  r^’”  satisfying 
T j.  ^ 

Z r*^’  < R which  are  sent  to  the  sectoral  problems  and  the  institutional 

*'''  t 

operator  ijf  . The  sectoral  problems  are  reoptimized  at  these  levels  of 
deplctable  resource  supply  yielding  the  costs  ♦^(r^’*')  and  shadow  prices 
^t,n+i^  The  Institutional  operator  acts  upon  these  costs  and  shadow 
prices  yielding  the  revised  revenues  - ♦^(r^*”),  r*'*'']  ••  B*'(r^’'^) 

A ^ 1 

and  the  revised  shadow  prices  tt  ’ .If 

then  these  resource  levels  (r^ ’’^.r^ ,r^’”)  are  an  equilibrium  solu- 
tion. Conversely,  if 

for  some  t°l,2,...,T,  a tighter  approximation  for  the  supplier's  problem 
|t,n+i  obtained  by  adding  the  new  linear  segment 
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or  equivalently 


The  arguments  for  Infinite  and  finite  convergence  are  similar  to 
those  leading  to  theorems  2.1  and  2.2.  Convergence  at  a finite  number  of 
iterations  would  still  follow  from  the  flnlteness  of  the  number  of  seg- 
ments that  can  be  added  to  the  approximations. 

For  the  three  Institutional  possibilities  described  above  we  have: 


i)  Price  Regulation: 


e*^(r*'’")  - min  {p’^r*^'",  $’'(0)  - $‘'(r‘^’")} 


and 


*t,n+l 

TT  ■ 


-t 

P 


't,  t,n.  -t  t,n 
if  e (r  ) = p r ’ 


^t,n+i  gt^^t.n)  ^ ^t^Qj  _ ^t^^t.n^ 


il)  Cost  of  Externalities 

When  in  cost  of  externalities  case  q is  given  by 
a piecewise  linear  convex  function: 


then 


and 


ijr^(r)  “ maximum  + <7^’^r} 

j“l 


6*'(r*'’")  - #^0)  - **'(r‘*'“)  - (7’'(r’'’”) 


;t.n+l  _ _t,n+l  t,j* 

IT  - ff  -<7j 
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where  j is  the  Index  that  yields  or  equivalently  Is  the 

gradient  of  at  r ^ r^***. 

Ill)  Tax  Depletion  Allowance 

and 

[i  + 


"1  t,n+l 

IT 


2.V.2.  The  Enriched  Supplier's  Problem 

The  supplier's  problem  as  proposed  In  (2.1)  has  no  other  restrictions 
besides  the  depletable  resource  constraint.  There  are  several  possibili- 
ties to  elaborate  upon  this  formulation  in  order  to  make  it  more  realis- 
tic. These  are  not  necessarily  mutually  exclusive.  However,  the  addition 
of  other  constraints  to  (2.1)  is  likely  to  make  the  supplier's  problem  too 
complex  to  be  solved  by  dynamic  programming  methods  for  example.  Other 
mathematical  programming  methods  would  be  required.  A few  illustrative 
extensions  are  discussed  in  this  context. 

The  supplier's  problem  can  be  extended  to  Include  extraction  capacity 
constraints  and  Investment  decisions  to  enlarge  those  limits.  If  we  let 
denote  the  initial  extraction  capacity  available  and  y^  the  amount  of 
capacity  Installed  in  period  t,  we  further  require  that 

.S  ! y^  +y°  t-l,2,...,T  (2.25) 

j-1 

Since  capacity  Installment  cost  Includes  in  general  a fixed  charge  and  a 
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variable  component  we  need  Introduce  the  zero-one  variables  6^  satisfying 

10  If  - 0 

t-1,2 T (2.26) 

1 If  y^  > 0 


The  present  value  of  capacity  bulld-up  expenditures  Is  then  given  by 


I a"-'  + qV) 


(2.27) 


where  Is  the  fixed  charge  and  Is  the  cost  per  unit  of  capacity  In- 
stalled In  period  t. 

An  enriched  supplier's  problem  would  result  from  the  simultaneous 
Incorporation  of  (2.25)  and  (2.26)  as  constraints  and  (2.27)  In  the  objec- 
tive function  of  (2.1).  The  addition  of  the  Integer  zero-one  variables, 
however,  further  complicates  the  solution  of  the  supplier's  problem.  The 
state-space  for  dynamic  programming  recursions  Is  two  dimensional;  namely, 
the  pair  (Y,S)  where  Y Is  the  total  capacity  available  and  S,  as  previous- 
ly defined.  Is  the  stock  of  the  depletable  resource  by  the  start  of  period 
t. 

The  supplier's  problem  would  be  even  more  complex  If  we  were  to  take 
Into  account  some  of  the  Intricacies  of  the  capacity  bulld-up  process  such 
as  the  lags  existing  In  capacity  expansion.  While  we  have  enough  flexi- 
bility In  the  specification  of  the  extraction  cost- functions  In  (2.1),  by 
allowing  It  to  vary  over  time.  It  Is  more  plausible  to  assume  that  tran- 
sition to  cheaper  extraction  technology  can  only  be  made  at  a fixed  charge. 
The  supplier's  problem  can  be  extended  to  Include  the  decision  on  a tran- 
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sitlon  period  again  by  the  addition  of  zero-one  variables.  We  cannot 
neglect  also  the  possibility  of  investments  for  depletable  resource  re- 
serves expansion.  However,  since  the  outcome  of  a reserve  expansion  pro- 
ject is  uncertain  as  the  size  of  the  new  discoveries  are  not  known  a 
priori,  this  would  lead  us  away  from  deterministic  mathematical  program- 
ming methods.  Stochastic  considerations  are  delayed  until  Chapter  4. 


2.V.3.  The  Existence  of  Sectoral  Minimum  Resource  Requirements 

So  far  we  have  for  the  purpose  of  defining  the  revenue  function  (2.8) 
and  a sectoral-supplier  equilibrium  (2.9)  assumed  that  $^(0)  < + <».  How- 
ever, it  is  likely  that 


in  some  time  periods;  or  in  other  words,  the  economic  sector  has  a mini- 
mum positive  depletable  resource  requirement  for  feasible  operations. 
Figures  2.6  and  2.7  illustrate  the  case  of  essential  resources: 


Figure  2,6  Figure  2.7 

The  situation  (2.29)  is  depicted  in  Fig.  2.6.  This  type  of  cost  function 
is  more  likely  Co  arise  in  LP-sectoral  problems  because  of  the  patterns  of 
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substitution  In  linear  programs.  Fig.  2.7  shows  a more  smooth  cost  func- 
tion for  an  essential  resource  that  would  result  from  a more  general  con- 
vex program. 

Since  4^(r)  i 0,  a necessary  and  sufficient  condition  for  $^(0)  < + « 
Is  the  existence  of  a feasible  solution  to  the  sectoral  problems  with 
r =■  0.  One  possible  method  to  check  whether  ♦^(0)  < + «•  Is  to  solve  In 
each  period  t the  minimum  resourae  requirement  problem, 

t . t t 

r . • min  p x 

min 

s.t.  Ay  -3^  &o 

(2.30) 

2 

0 i x^,  0 5 s^  i 8^ 

Illustrated  here  for  the  case  of  LP-sectoral  problems.  If  ” 0 the 

depletable  resource  is  Inessential  to  the  sector’s  operations  In  period  t. 
Otherwise  it  is  essential.  When  * 0»  the  optimal  solution  to  (2.30) 

Is  feasible  for  (2.10)  with  r * 0 and  consequently 

«^(0)  < + «. 

It  is  conceivable  that  the  situation  described  In  (2.29)  Is  more  likely  to 
arise  in  closed  models  such  as  the  sectoral  problems  illustrated  In  sec- 
tion 2. Ill,  since  we  have  precluded  the  existence  of  perfect  resource 
substitutes.  If  the  economic  sector  has  access  to  a perfect  substitute 
of  the  depletable  resource  (e.g.  Imports)  at  a price  per  unit,  the  sec- 
toral problems  need  be  revised.  For  example,  the  LP-sectoral  problem 
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(2.10)  is  revised  into: 

#’^(r)  = min  (2.31a) 

s.t.  p^’x^  < r + m*’  (2.31b) 

(2.10c),  (2.10d)  and  (2.10e). 

If  ♦'^(r)  is  finite  for  all  r 2 0,  we  have  then  equivalently  to  (2.11) 
and  (2.12) 

4'*^(0)  - 4’*^(r)  « 

min  {($'^(0)  - 8^)  + Tr'*^’'^r}  (2.32) 

k-l,2,...,X*^ 


where  k indexes  the  set  of  extreme  points  of  the  dual  problem 


,t 

max  - n'  r 


ft  , ,t,t 
- w'  8 + u a 


,t  t ,t.t 
- x'  p - v’  Aj 


tt  ,t 

V - w' 


< f 


(2.33) 


i P 


x'*"  i 0,  v'^  k 0,  w'*"  > 0,  u'*"  i 0. 


We  can  then  show  that  if  the  situation  in  (2.29)  is  overcome  by  the 
inclusion  of  a perfect  resource  substitute,  the  prices  p*"  will  be  upper- 
bounds  on  the  prices  the  economic  sector  would  be  willing  to  pay  the  sup- 
plier. In  the  case  of  Imports,  Import  prices  p^,  will  limit  the  price  per 
unit  received  by  the  domestic  supplier. 
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Lemma  2.6;  If  $'^(r)  given  by  (2.31)  is  finite  for  all  r i 0 and 
$^(0)  = + “ in  (2.10),  then  (see  Figure  3). 


Proof;  From  the  optimality  conditions  to  (2.31)  we  have: 


_ pt  ^ Q 

, ,t,l  tv»t  n 
(it  - P )m  =»  0. 


Now  we  must  have  m > 0 because  otherwise  m = 0 would  contradict  that 
#*■(0)  = + »>.  Consequently, 


While  the  Inclusion  of  imports  is  likely  to  solve  the  economic  sec- 
tor's infeasibility  problem  by  reducing  the  minimum  domestic  depletable 
resource  requirements,  it  is  still  possible  that  the  sector  be  non- 
operational  at  r = 0.  This  would  be  the  case  when  trade  barriers  would 
limit  the  amount  of  resource  that  can  be  Imported. 

The  existence  of  a minimum  depletable  resource  requirement  compli- 
cates the  definition  of  a sensible  revenue  function.  For  r^  < r^.  the 

min 

sector  would  be  willing  to  pay  nothing  because  it  is  still  non-operation- 

al.  In  order  to  induce  the  suppliers  to  meet  the  minimum  requirements  the 

sector  would  have  to  decide  on  an  arbitrarily  large  premium  n to  pay  for 

supplies  satisfying  r^  i r^.  . We  propose  a redefinition  of  the  revenue 

min. 

function  (2.8)  as: 


e*^(r)_ 


I 0 


n' 


0 < r < r 


+ ♦*^(r*^^  ) - ♦'^(r) 
min 


r ■ r 

I 

r > r 


min 

,t 

^n 

min 


(2.34) 
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The  shape  of  (2.34)  Is  depicted  In  Figure  2.8. 


Figure  2 . 8 


This  redefinition  of  the  revenue  function  complicates  solving  the 

supplier's  problem  (2.1)  because  of  the  fixed  premium  at  r = r^.  . This 

min 

can  be  accomplished  by  the  introduction  of  zero-one  integer  variables  that 

would  turn  the  supplier's  problem  Into  a mixed-integer  program. 

We  have  neglected  in  the  above  discussion  the  feasibility  problems 

that  may  arise  in  this  hypothetical  economy  due  to  sectoral  minimum  re- 

^ t 

source  requirements.  We  require  that  r.  ,orin  other  words, 

t=l  min 

that  the  reserves  of  depletable  resource  be  large  enough  to  satisfy  the 
total  sectoral  minimum  resource  requirements  over  the  planning  horizon  T. 

As  a final  word,  we  should  expect  chat  the  sectoral  infeaslbillty  in 
the  absence  of  the  depletable  resource  be  overcome  as  long-run  technolo- 
gies substituting  for  the  depletable  resource  utilization  are  implemented. 

The  most  likely  situation  is  then  one  where  r^.  > 0 for  t < T,  and 

min  1 

•^(0)  < + • for  t > T^. 
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2. VI.  Relation  to  Previous  Models 

The  supplier's  problem  (2.1)  can  be  viewed  as  a discrete-time 
finite-horizon  version  of  Gordon's  1 28)  model,  described  in  section  l.Il.l, 
with: 

n‘^(sO  - - 6*^(r*^)  - - S^rS 

0 

and  S • R.  However,  our  equilibrium  approach  turns  it  into  a data- 
oriented  model  as  the  revenue  functions  6^  become  endogenous,  being  gene- 
rated by  a sectoral  model  (see  section  1.II.3.).  Of  course  our  equili- 
brium approach  can  be  extended  to  infinitely  long  planning  horizons.  How- 
ever, two  major  difficulties  arise:  1)  we  would  not  want  to  solve  at 
each  iteration  an  infinite  number  of  the  sectoral  problems  (2.10)  or 
(2.16);  2)  in  a non-statlonary  setting,  the  supplier's  problem  would  be 
non-trlvial  to  solve.  While  further  considerations  on  infinite  planning 
horizons  are  delayed  until  Chapter  5,  some  insight  into  the  finite-horizon 
supplier's  problem  is  gained  by  exploring  some  qualitative  results  of  an 
Infinite-horizon  version  of  (2.1).  Some  of  the  conclusions  can  be  related 
to  previous  results  in  resource  constrained  growth  theory  (see  section 
1.II.2.). 

We  formulate  the  infinite-horizon  supplier 's  problem  as 

to  t— 1 

V^(R)  - max  ^ ^{6^(r*^)  - g*^(  ^ r^,r^)} 

t-i  j-1 

OP 

s.t.  ^ r*^  s R 

t«l 

r*^  i 0 t-1,2 


(2.35) 
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For  differentiable  revenue  functions  and  extraction  cost  function 
g^,  the  Kuhn-Tucker  conditions  for  problem  (2.35)  require  the  existence 
of  a pair  (r,X)  such  that 


dB^ 

_ ^ . 

OD 

1 

- 

* 1-t 
Xa 

dr*^ 

dr*^ 

i=t+l 

dr^ 

-dB*' 

_ ^ _ 

T 

^ - 

Xa 

dr^ 

dr^ 

i*t+l 

dr*^ 

< 0 t«l,2,....  (2.36a) 


t*l,2,....  (2.36b) 


I < R r^  2 0 t-1,2, 


(2.36c) 


X(  ^ - R)  - 0 

t*l 


X > 0 


(2.36d) 

(2.36e) 


Similarly  to  the  optiiriality  conditions  (2.2)  when  the  functions  3^  and 
are  non-dlf£erentlable,  (2.36)  have  to  be  restated  in  terms  of  linear  com- 
binations of  the  subgradients. 

It  is  trivial  to  show  that  the  functions  V^(S)  defined  in  (2. A) 

OD 

satisfy  the  recursions 

V^(S)  - maximum  {8*^(r)  - g*^(R  - S,r)  + oV^'*‘^(S  - r)}. 

OiriS 


The  infinite-horizon  supplier's  problem  is  solved  by  computing 

V.(R)  = vi(R) . 

Observations  about  the  infinite-horizon  optimal  supply  schedule  can 
be  carried  over  to  the  finite-horizon  optimal  supply  schedule  by  an  appro- 


k _ 
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1 

prlate  choice  of  the  salvage  function  6 in  (2.1).  The  following  lemma 
shows  how  a finite-horizon  optimal  supply  schedule  can  be  obtained  as  a 
truncation  of  the  infinite-horizon  optimal  supply  schedule. 


T+l  T+1  r t 

Lemma  2.7:  If  6 (S)  « V (S)  then  r„  = r , for  t«l,2,...,T,  where 

■'  ■ ■ OB  X * - 

r^  is  an  optimal  solution  to  (2.35),  is  optimal  for  (2.1). 


Proof:  The  proof  of  this  lemma  is  easily  carried  by  backward  induction 
by  showing  first  that 


V^(S) 


maximum  {e'^(r'^)  - g^(R  - S.r’’)  + aV^'^^(S  - r^) } = V^(S) 

00  00 

Oir'^iS 

for  all  S. 


Carrying  the  procedure  backwards  we  will  have 

V^(S)  » V^(S)  t-T-l,T-2,...,l 

and  also  V„(R)  = vi(R)  = V^(R)  = V (R).  Hence  it  follows  that  rl^  - r*^, 

A X 00  OD  X * 

t'‘l,2,...,T  is  an  optimal  solution  to  (2.1).  || 

T+l 

The  salvage  function  3 may  play  a crucial  role  in  the  solution  of 

the  finite-horizon  supplier's  problem  (2.1).  If  the  disruptive  effect  of 

T+l 

an  arbitrarily  selected  salvage  function  is  avoided  by  selecting  6 * 

T+l 

, the  salvage  function  will  play  a major  part  only  if  in  the  solution 

of  the  infinite-horizon  supplier's  problem  (2.35)  r^  > 0 for  some  t > T. 

00 


For  this  purpose  the  following  result  proves  useful. 
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. t . t 

Lemma  2.8;  If  and  are  bounded  for  E ^ 0,  r 2 0, 

and  r^l  > 0 for  some  period  t,  then  r^  > 0 for  all  periods  in  which 

OD  1 » 


J. 

lim  . j — ■ + 

dr 

r -►  0 


Proof:  Let  r^^  >0,  then  from  (2.36b) 


Aa 


I “ 

t t ^ 

. i-t,+l 

dr  dr  1 


1-t  d^ 


which  implies  X < + <»  since  is  bounded  by  assumption  for  i«t  ,t  + 

dr  ^ 

dg^Z 

1,....  Suppose  there  exists  a time  period  t # t with  lim  — — « + * 

r -*•  0+ 

such  that  r*'^  * 0.  Then  we  would  have  from  (2.36)  that  X ■ + <»  which  is  a 
00 

contradiction.  Hence  we  must  have  r*"^  >0.11 


Vhat  the  above  lemma  suggests  is  that  in  a truncation  of  the  infinite- 
horizon  supplier's  problem  under  the  conditions  of  Lenma  2.7,  particular 
attention  should  be  paid  to  those  time  periods  for  which  the  marginal  re- 
venue approaches  infinite  as  resource  levels  approach  zero.  While  this 
situation  cannot  happen  if  is  generated  by  a linear  progrananlng  sec- 
toral problem  such  as  (2.10),  because  the  piecewise  linearity  proved  in 
Lemma  2.1  precludes  this  possibility,  it  is  conceivable  that  more  general 
convex  sectoral  problem  formulations  such  as  (2.16)  may  lead  to  revenue 
functions  depicted  below: 
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The  stationary  infinite-horizon  supplier's  problem  with 

8^  ■ 8 for  t“l,2,.... 

■ g for  t«l,2 

is  particularly  important  because  given  the  difficulties  in  forecasting 
over  long  planning  horizons  it  is  usual  practice  to  assume  statlonarlty 
at  least  after  a certain  time  period.  In  our  equilibrium  approach  this 
would  require  assuming  that  the  economic  sector  model  is  stationary; 
namely 

« ♦ for  t*l,2, . . . . 

The  implications  of  Lemma  2.7  for  a stationary  infinite-horizon  supplier's 
problem  are  given  by; 

Corollary  2.1:  If  -I?-  and  -1^  are  bounded  and  lim  4^  “ + then 
3E  3r  ^ ^ Q+  dr 

> 0 for  t"l,2,...  with  lim  r*"  * 0. 

4R  flD 

t ^ • 
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Proof:  Follows  trivially  from  Lemma  2.8  and  I r^  S R.  | | 

t-1 

Corollary  2.1  actually  gives  sufficient  conditions  in  terms  of  the 
marginal  revenue  for  the  resource  not  to  be  depleted  in  finite  time. 
Similarly  to  DasGupta  and  Heal's  [14]  results  (see  section  1.II.2.)  fi- 
nite or  infinite  time  depletion  rests  not  only  on  the  (in}essentlallty  of 
the  depletable  resource  (In  our  case,  $(0)  (<)  = + ®)  on  the  behavior  of 
the  economic  sector's  marginal  cost-savings.  The  existing  connection  be- 
tween the  marginal  sectoral  cost-savings  and  the  resource  marginal  produc- 
tivity relates  the  two  results . 

From  the  optimality  conditions  (2.36)  it  is  trivial  to  verify  that 
for  stationary  problems  discounting  will  be  responsible  for  a non-increa- 
sing supply  schedule  over  time  paralleling  DasGupta  and  Real  [ 14] , 

Solow  [81],  Koopmans  [52]  and  others.  Also  the  effect  of  the  discount 
rate  seems  to  lead  to  the  obvious  conclusion  that  smaller  discount  rates 
will  speed  up  depletion.  Observation  of  (2.36a)  and  (2.36b)  leads  to 
Hotelling's  [44],  Gordon's  [28]  and  Weinstein  and  Zeckhauser's  [91]  con- 
clusions; namely  that  for  extraction  cost  functions  that  are  Independent 
of  past  cumulative  extraction,  the  optimal  solution  will  imply  that  mar- 
ginal revenue  minus  marginal  extraction  cost  will  increase  at  the  discount 
rate.  The  numerical  example  in  the  next  section  will  Illustrate  some  of 
the  above  assertions. 


2. VII.  A Numerical  Example 

We  shall  now  illustrate  the  application  of  the  Iterative  approach  of 
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section  2. III.  to  our  equilibrium  model.  For  the  sectoral  model  we  as- 

sijme  a stationary  LP-sectoral  problem  (2.10).  The  structure  of  the  LP- 

sectoral  problem  is  inherited  from  BESOM  [3  ]. 

This  illustrative  example  counts  ten  end-use  demands  j“l,2,...,10 

and  four  alternative  primary  supplies  s^,  i»l,2,3,4  in  addition  to  the 

1 

depletable  resource  (1~5)  . The  decision  variables  are  the  purchase  of 
the  alternative  primary  supplies  s^(i“l,2,3,4) , the  amount  of  depletable 
resource  imports  m and  the  activities  , representing  the  flows  in  the 
links  (i,j)  with  efficiency  . The  costs  of  utilizing  devices  in  the 
links  (i,j)  are  given  by  c^^  and  f^  gives  the  prices  of  the  alternative 
primary  supplies.  Imports  cost  p per  unit.  Under  the  assumption  of  sta- 
tionarity  over  the  planning  horizon  T,  we  have  for  t»l,2,...,T, 


5 10  4 

*'(r)  - *(r)  - min  'l  \ c.  x.  . + [ f.s.  + pm 

1-1  j-i  i-1  ^ ^ 


s.t. 


10 

I 


5j 


10 

I 


‘ij 


S r + m 


- 8, 


< 0 


1-1, 2, 3, 4 


1 

There  has  been  an  attempt  to  identify  the  primary  supplies  with  nuclear 
fuels  (1),  hydropower  (2),  coal  (3),  natural  gas  (4)  and  crude  oil  (5). 
Also  end-uses  would  correspond  to  automobiles  (1),  bus,  process  heat  and 
miscellaneous  Industrial  uses  (4),  petrochemicals  (5),  other  industrial 
uses  (6),  space  heat  (7),  miscellaneous  thermal  uses  (8),  miscellaneous 
electric  uses  (9),  and  air  conditioning  (10).  However,  due  to  the  diffi- 
culties in  obtaining  and  disaggregating  BESOM's  cost  and  efficient  para- 
meters into  this  simple  5 x 10  structure,  the  results  derived  do  not  in- 
tend to  be  conclusive  but  illustrative.  Nevertheless,  in  the  subsequent 
footnotes  we  shall  Identify  the  origin  of  the  primary  data  utilized. 
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5 

* “'j 

... ,10 

° ^ *ij  1-1,2,. ..,5  j-1,2 10 

0 < 8^  < 8^  1-1, 2, 3, 4. 

The  data  utilized  are  presented  in  Tables  2.1,  2.2,  2.3  and  2.4.  Taking 
as  the  price  of  Imports^ 

p - 11 

and  as  the  amount  of  resource  reserves^, 

R - 213 

we  obtained  the  cost  function  $(r)  by  parametric  linear  programming  as 
depicted  in  Fig  • 2.10.  The  corresponding  sequence  of  shadow  prices  ir  is 
given  in  Tab  . 2.5.  From  Tab  .2.5  and  Fig. 2. 10,  we  can  notice  that  r i 27.36 
(the  first  breakpoint  in  the  cost  fimctlon  4)  the  depletable  resource  is 
substituting  for  Imports  p).  Only  for  a supply  exceeding  27.36 

units,  the  resource  will  start  substituting  for  the  alternative  primary 
supplies . 

Before  Illustrating  the  Iterative  approach  from  section  2. III.  to  de- 
termine equilibrium  In  our  basic  model  under  different  assumptions  on  the 
supplier's  discount  factor,  planning  horizon,  extraction  costs  and  salvage 

In  compatible  units  a price  of  $11/10^  B.T.U.  would  correspond  to 
$63.80/bbl  of  crude  oil.  Although  unrealistic,  this  choice  led  to  a 
function  that  had  enough  linear  pieces  to  make  the  example  attractive. 

The  amount  of  reserves  Is  In  compatible  units  213  x 10^^  B.T.U.  which  Is 
the  size  of  proved  reserves  In  the  U.S.  used  by  Rordhaus  [66  ]. 


1 

1- 
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Table  2.1.  Data  for  Alternative  Primary  Supplies 


Supply 

i 

Upper  Bounds^ 

/ 

«i 

Prices^ 

1 

00 

• 

.30 

2 

2.89 

0 

3 

12.60 

.60 

4 

23.12 

1.82 

^The  data  is  given  in  10^^  B.T.U.  and  obtained  from 
BESOM  [ 3]  1972  data. 

^Prices  are  measured  in  dollar  per  10®  B.T.U.  The 
source  is  BESOM  [3]  1985  cost  data. 
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Table  2.2.  Data  for  End-Use  Demands 


End-Use 

j 

Demands^ 

1 

9.12 

2 

4.39 

• 3 

2.98 

4 

7.61 

5 

4.19 

6 

2.96 

7 

5.31 

8 

1.93 

9 

1.89 

10 

1.03 

^The  demand  data  Is  given  In  10^^  B.T.D.  The 
source  Is  BESOM  [ 3]  1972  demand  data. 
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Table  2.4.  Efficiency  Data^ 
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93 


0 


Table  2.5.  Shadow  Prices 


Range  of  r Shadow  Prices 

minimum  maximum 


0 

27.36 

11 

27.36 

27.41 

7.93 

27.  A1 

28.15 

7.16 

28.15 

29.74 

5.42 

29.74 

30.26 

1.80 

30.26 

35.71 

.40 

35.71 

39.69 

.35 

39.69 

00 

0 

dollars) 


Figure  2,10.  Cost  of  Meeting  Demand  for  End-Use 

Goods  as  a Function  of  Domestic  Supply 
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function,  we  show  the  solution  to  a related  problem  that  will  lead  to  a 
greedy  algorithm  to  solve  the  supplier's  problem  with  constant  marginal 
extraction  > ^st.  Its  extension  to  cover  the  case  of  piecewise  linear 
cumulative  extraction  cost  functions  Is  discussed  afterwards. 

Consider  the  linear  programming  problem 


max  CX 

(2.38a) 

s.t.  ex  ■ b 

(2.38b) 

0 < X < X 

(2.38c) 

where  C ^ 0,  b > 0 and  e is  a row  vector  of  ones.  Letting  X and  6 be  the 
dual  variables  associated  with  constraints  (2.38b)  and  (2.38c)  respective- 
ly, the  optimality  conditions  for  problem  (2.38)  are 


- X - 9^  i 0 
(Cf  - X - e^)x^  - 0 
ex  ■ b 


0 < X ^ X 
(x^  - x^)0^  - 0 
0 < 

By  assuming  without  loss  of  generality  that  , it  Is  easy  to  show 

that  the  solution  to  (2.38)  Is  given  recursively  by 
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i-1 

X.  - min  {b  - I X , X } 

with 


If  Xj  < Xj  and  X^  ■ 0 for  1 > I 
If  Xj  ■ Xj  and  X^  ■ 0 for  1 > I 


0^  ■ min  {C^  - X,0} 


We  may  think  of  problem  (2.38)  In  terms  of  determining  the  best  allocation 
of  b units  of  a resource  to  blocks  with  maximum  capacity  X^^  and  payoff 
per  unit.  The  greedy  algorithm  will  find  an  optimal  solution  to  (2.38)  by 
filling  those  blocks  In  descending  order  of  the  marginal  profits 
For  constant  marginal  extraction  cost  functions 


g(  I 
J-1 

and  piecewise  linear  revenue  and  salvage  functions,  the  supplier's  problem 
objective  will  be  piecewise  linear  and  concave  as  depicted  below: 


Figure  2.11 


97 

Dantzlg  [11]  showed  how  this  objective  is  rewritten  in  terms  of  alloca- 
tion blocks.  This  is  also  depicted  in  Figure  9.  In  our  case  it  will  re- 
quire merging  and  ordering  descendlngly  the  sequences 

{a  [ir  * - g]}  and  {a  ir  ’ 

Identifying  the  resulting  sequence  with  the  sequence  and  letting 

“ r^  - the  supplier's  problem  can  be  %n:ltten  in  the  format  (2.38). 

The  application  of  this  greedy  algorithm  is  Illustrated  in  the  following 
examples  1.1  through  1.5  (Tables  2.6  - 2.10)  only  for  the  last  iteration 
of  the  iterative  scheme.  The  nuiid>ers  in  upper  case  in  those  tables  indi- 
cate the  allocation  order. 

When  the  extraction  cost  functions  are  specified  by  a piecewise 
linear  convex  cumulative  extraction  cost  function  (2.20)  the  application 


Figure  2.12 

of  greedy  algorithms  to  solve  the  supplier's  problem  becomes  more  complex. 

For  the  two-piece  case  depicted  in  Fig.  2.12,  we  can  readily  observe  that 

once  the  cumulative  amount  extracted  attains  the  greedy  algorithm  with 
2 

g ^ y can  be  utilized  to  determine  the  optimal  allocation  over  time  of 
the  remaining  R - units.  The  major  difficulty  stems,  however,  from  de- 
termining the  transition  period.  While  we  claim  that  in  this  simple  case 
an  optimal  solution  may  be  found  by  means  of  an  efficient  trial-and-error 


98 


search  procedure,  we  recognize  that  piecewise  linear  cumulative  extrac- 
tion cost  functions  with  more  than  two  linear  pieces  might  not  be  effi- 
ciently handled  by  greedy  algorithms. 

Example  1.1  (Tab. 2. 6)  considers  the  case  of  zero  extraction  costs  and 
zero  salvage  value.  This  case  has  been  studied  by  Weinstein  and  Zeck- 
hauser  [91]  and  to  some  extent  by  Hotelling  [44],  and  our  results  confirm 
their  assertions  as  sequence  of  optimal  marginal  revenues 

{5.27,  5.85,  6.50,  7.22,  8.02,  8.91,  9.9,  11} 
is  increasing  geometrically  over  time  at  the  interest  rate  (1/a) . The 
sequence  of  present  value  marginal  revenues  is  constant  over  time  (X>°5.27). 
Example  1.2  (Tab. 2. 7)  Introduces  constant  marginal  extraction  costs  and 
Example  1.3  (Tab. 2. 8)  considers  the  effect  of  a smaller  discount  factor  in 
increasing  the  rate  of  extraction  in  the  early  periods.  It  is  trivial  to 
observe  that  the  solutions  to  Examples  1.1,  1.2  and  1.3  are  solutions  to 
the  stationary  infinite-horizon  problem  (2.35). 

For  Example  1.4  (Tab.  2.9)  an  arbitrary  salvage  function  was  selected. 
Its  disruptive  effect  in  the  optimal  supply  schedule  is  readily  noticed. 
Example  1.5  (Tab. 2. 10)  illustrates  the  results  of  Lenina  2.7,  as  the  sal- 
vage function  is  selected  to  yield  a truncated  infinite-horizon  supply 

schedule.  Lastly,  Example  1.6  (Tab. 2.11)  considers  a two-piece  cumulative 

1 2 

extraction  cost  function  (see  Fig.  2.12)  with  E^  = 100,  y *1  and  y “ 2. 
All  six  examples  are  robust,  resulting  in  final  exhaustion  of  the  depleta- 
ble  resource  reserves  at  the  end  of  the  eighth  period. 


Table  2.6  - Example  1.1; 


Table  2.6  (continued)  - Iteration 
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Table  2.8  (continued)  - Iteration 
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Table  2.9  (continued)  - Iteration 
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Table  2.10  (continued)  - Iteration 
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E < 100, r S 100-E 
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Table  2.11  (continued)  - Iteration 


Ill 


Chapter  3:  Equilibrium  Models  with  Multiple  Economic  Agents  and  Multiple 
Depletable  Resources 

3. X.  Introduction 

Chapter  2 Introduced  an  equilibrium  model  between  a unique  economic 
sector  and  a unique  supplier  of  a depletable  resource.  In  the  present 
chapter  this  analysis  Is  extended  to  cover  the  general  case  of  multiple 
economic  sectors,  multiple  suppliers  and  multiple  depletable  resources. 
Our  final  goal  Is  the  Integration  of  sectoral  and  supply  models  of  deple- 
table resources  through  an  Iterative  scheme  depicted  below: 


In  the  following  three  sections  we  will  consider  cases  which  essentially 
fall  back  Into  the  framework  of  Chapter  2;  these  are:  multiple  economic 
sectors  paying  their  cost-savings  In  meeting  demand,  multiple  (collusive) 
suppliers  and  perfectly  competitive  markets.  In  the  subsequent  section 
the  Impact  of  some  of  the  different  market  structures  will  be  considered. 
The  last  section  In  this  chapter  considers  the  case  of  multiple  depletable 
resources . 

3.  II.  Multiple  Economic  Sectors 

While  we  have  assumed  In  Chapter  2 that  the  depletable  resource  Is 
used  by  a single  economic  sector,  examples  may  be  cited  In  which  multiple 
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1 


economic  sectors  are  potential  users  of  the  resource.  The  extension  of 
our  basic  model  for  the  case  of  multiple  economic  sectors  Is  carried  In 
this  section. 

For  this  analysis  we  assume  that  each  economic  sector,  1*'1,2 I, 

determines  Its  costs  of  meeting  the  demand  for  end-use  goods  (2.6)  In 
period  t,  $^(r),  by  solving  In  each  period  t*'l,2,...,T  a sectoral  problem. 
We  further  assume  that  4^(0)  < + <»  for  1»1,2,...,1  and  t=l,2,...,T,  or. 

In  other  words,  that  the  demand  for  end-use  goods  can  be  met  by  all  econo- 
mic sectors  at  a finite  cost  In  the  absence  of  the  depletable  resource. 

Let  the  cost-savings  for  sector  1 In  period  t be  represented  by 

ej(r)  H «J(0)  - ♦J(r).  (3.1) 

The  function  6^  would  give,  according  to  definition  (2.8),  the  supplier's 
revenue  If  economic  sector  1 were  the  unique  user  of  the  depletable  re- 
source. 

We  further  assume  that  the  economic  sector  1 will  be  Indifferent  when 
exactly  4^(0)  - is  paid  in  period  t for  r^  units  of  the  resource. 

The  supplier  will  then  allocate  a supply  of  r units  among  sectors  In  each 
period  such  as  to  maximize  his  revenue.  This  permits  us  to  define  the 
supplier's  revenue  function  as  the  solution  to  the  multi- aeotorat  problem 

8^(r)  = max  I 65(r.) 

1-1 

I 

s.t.  I £ r (3.2) 

1-1 

2 0 1—1,2,...,! 


‘i 


'♦'i 

‘td 


•V 
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and  establish  as  an  equitvbriim  condition: 


"For  any  non-negative  resource  levels  r.  rj, 

T I ^ ^ 

1“1,2,...,I  satisfying  Z Z r^  S R we  say  that 

t“l  1“1 

the  sectoral  problems  and  the  supplier's  problem 
are  In  equilibrium  If  these  resource  levels  permit 
the  supplier  to  maximize  his  profit;  namely 


V^(R) 


{ I [«5(0)  - I I r^.  I rh  + 

1=1  ^ ^ ^ j-1  1-1  ^ 1 


T.T+1 
a B 


T I ^ 

(R  - I I rj) 

t-1  1-1 


The  properties  of  6^,  as  given  by  the  multi-sectoral  problem  (3.2), 
are  summarized  by  the  following  lemmas,  whose  proofs  are  trivial  and 
therefore  omitted. 


Lemma  3.1;  If,  for  1-1, 2,..., I,  6^  Is  concave  In  r^,  then  Is 
1)  concave; 

11)  non-decreasing  In  r. 


Lemma  3.2;  If  B^  Is  piecewise  linear  In  r^  with  a finite  number  of  seg- 
ments, 1-1, 2,..., I,  then  B^  Is  piecewise  linear  In  r with  a finite  number 
of  segments. 

Other  properties  of  B^  that  can  be  readily  verified  are  B^(0)  - 0 and  con- 
tinuity at  r - 0 If  the  functions  b|^  are  continuous  at  this  point. 
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From  Lemma  3.2,  If,  for  all  economic  sectors,  the  sectoral  problems 
are  linear  programs  or  grid  linearizations  of  convex  programs  (see  section 
2.IV.1.),  the  revenue  function  S*"  given  by  the  multi-sectoral  problem  (3.2) 
will  be  piecewise  linear. 

The  iterative  approach  of  section  2. III.  is  easily  extended  to  en- 
compass the  case  of  multiple  economic  sectors.  We  shall  work  with  upper- 
bound  approximations  for  3^  resulting  from  upper-bound  approximations  for 
the  individual  sectors ' cost-savings  functions 

B^'*^(r)  ” minimum  + ir^’*^r}.  (3.4) 

k-l,2,...,L*^’“ 

This  is  the  general  form  of  the  approximations  (2.11)  and  (2.17).  For 
the  LP-sectoral  problems  (2.10),  and  for  the  convex  sectoral 

problems  (2.16),  < ».  An  upper-bound  approximation  for  the  supplier's 

revenue  function  results  by  taking 

6^’“(r)  ^ wax  I 8j’"(r.) 
i-1 

I 

s.t.  I r.  < r (3.5) 

i-1  ^ 

i 0 1-1,2,...,!  . 

It  is  trivial  to  verify  that  3^’"(r)  > S^(r)  for  all  r > 0.  Furthermore, 
3^*^  will  be  concave,  non-decreasing  and  piecewise  linear  with  a finite 
number  of  segments  as  a consequence  of  Lemmas  3.1  and  3.2. 

At  Iteration  n,  the  supplier's  problem  (2.1)  is  solved  using  the 
approximations  3^*^,  resulting  in  a vector  of  non-negative  resource  levels 
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satisfying  Z i R.  These  resource  levels  are  sent  to  the  multl- 

t“l 

sectoral  problems  (3.5)  to  be  disaggregated  Into  the  non-negative  resource 
levels  satisfying  Z r^’*'  < r'"’”  for  t“l,2,...,T.  The  sectoral  pro- 

i-1  t n 

blems  are  then  optimized  at  these  resource  levels  r^*  , yielding  the  costs 
and  shadow  prices  If 

gt.n^^t.nj  . ^ 

1=1 

for  all  t»l,2,...,T,  then  (rj^’”,r^’°, ... ,r^*”), 1*1,2, ... ,1,  Is  an  equili- 
brium solution  because  It  satisfies  (3.3).  Otherwise  for  at  least  one 
economic  sector  1 and  one  time  period  t It  must  be  that 

gt,n(rt,n)  ^ 

By  adding  the  new  linear  segment 

«J(0)  - «J(rJ*°)  + - rj*") 

to  the  approximations  (3.4),  a tighter  approximation,  Is  obtained 

for  sector  1 In  period  t.  Consequently  a tighter  approximation  results 
for  the  supplier's  revenue  function,  from  the  Inclusion  of  this 

new  linear  segment  In  the  multi-sectoral  problems  (3.5).  The  supplier's 
problem  (2.1)  Is  then  reoptimized  using  and  new  resource  levels 

r * are  sent  back  to  the  multi-sectoral  problems.  This  extended  scheme 
la  depicted  In  Figure  3.1. 

In  the  case  the  sectoral  problems  are  linear  programs,  convergence  to 
an  equilibrium  solution  after  a finite  number  of  Iterations  would  follow 
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from  the  flnlteness  of  the  number  of  economic  sectors,  the  number  of 
linear  segments  In  3^  and  the  number  of  time  periods.  This  argument  Is 
summarized  in  the  following  theorem  whose  proof  is  similar  to  that  of 
Theorem  2.1  and  therefore  omitted. 


Theorem  3.1;  (Finite  Convergence)  The  iterative  scheme  described  above 
will  converge  to  an  equilibrium  solution  after  a finite  number  of  itera- 
tions between  the  multiple  LP-sectoral  problems  (2.10)  and  the  supplier's 
problem  (2.1). 

Under  the  more  general  convex  specification  (2.16)  for  the  sectoral 
problem,  if  each  sectoral  problem,  1**1,2, . . . ,1,  satisfies  a Slater  condi- 
tion (see  section  2. III. 2.),  convergence  follows.  The  proof  of  this 
statement  is  also  similar  to  that  of  Theorem  2.2  and  is  therefore  omitted. 

Theorem  3.2;  (Infinite  Convergence)  The  iterative  scheme  described  above 
converges  to  an  equilibrium  between  the  multiple  convex  sectoral  problems 
(2.16)  and  the  supplier's  problem  (2.1)  as  the  number  of  iterations  tends 
to  infinite. 


We  may  observe  that  equilibrium  as  defined  in  (3.3)  is  for  the  linear 
programming  formulation,  in  an  analogous  fashion  to  problem  (2.15),  a so- 
lution to 


T I t-1 

max  I ^ ^ *J(0)  - cj^x^  - fjsj^  - g(  I r^,r^)}  + 

i-1  ^ 11  j-i 


t-1 


T„T+1 
a B 


(R-  I r^) 

t-1 
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^ t 

s.t. 


t 

.x. 

2,1  1 

V t 

ii 

T ^ 

I 

t-1 


< r 


< R 


t=l,2,...,T,  1=1,...,! 

t=l,2 T,  1-1,...,! 

t=l,2,...,T,  1=1, ...,I 

t=l,2, . . . ,T 


(3.6) 


0 S r^,  0 i < s^,  t=l,2 T,  1=1,2 1 


0 < r"" 


t=l,2, . . . ,T 


The  application  of  Benders'  [ 2 ] decomposition  to  problem  (3.6)  will 

generate  the  above  scheme.  For  fixed  non-negative  resource  levels  r^, 

I ^ 

t=l,2,...,T,  1*1,2,...,!  and  r^,  t=l,2,...,T,  satisfying  1 rj  < r^  and 
T ^ 1*1  ^ 

E r < R,  problem  (3.6)  decomposes  into  IXT  subproblems,  the  LP-sectoral 
t=l 

problems  (2.10).  The  master  problem  is 


(I  ’ 

I max  {*J^(0)  - 'tj(rj)} 

1=1  rt  i ^ ^ 


t-1  T 


- g(  I r^r*^)  + aV  (R  - i r*^) 

j“l  t*l 


i.t.  I rj  ^ r*^ 
1-1 


0 < r^,  1=1,2 1 


a.t.  i < R 
t-1 


r 2 0 t-1, 2 T 


where  the  multi-sectoral  problem  (3.2)  appears  Inside  brackets.  The  ad- 
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vantage  of  including  this  intermediate  step  between  the  supplier's  pro- 
blem and  the  sectoral  problem  is  the  reduction  in  the  number  of  variables 
in  the  supplier's  problem.  Instead  of  determining  directly  r^, 

1“1,2, . . . ,1,  t=l,2,...,T  in  a solution  of  the  supplier's  problem,  only 
r^,  t-1,2 T is  determined. 

As  the  multi-sectoral  problems  are  at  each  iteration  the  maximization 
of  a sum  of  concave  piecewise  linear  approximations  (3.4)  the  disaggrega- 
tion of  the  total  depletable  resource  supply  into  the  supplies  for  each 
economic  sector  requires  only  ordering  the  available  in  descending 
order  and  allocating  r^  into  those  blocks  (see  section  2. VII).  The  re- 
venue function  (3.2)  results  from  integrating  the  horizontal  summation  of 
the  individual  economic  sectors'  marginal  revenues  as  depicted  below. 


«•  ^ ^ 


Figure  3.2 
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This  section  sets  a framework  In  which  sectoral  or  subsec toral  sub- 
models of  the  size  of  the  current  macro  sectoral  models  (see  BESCM  [3  ], 

ETA  [61])  can  be  Integrated.  This  integration  is  accomplished  essentially 
by  shadow  pricing  mechanisms. 

3. III.  Multiple  Depletable  Resource  Suppliers 

The  extension  of  the  equilibrium  model  in  Chapter  2 to  cover  the  case 
of  multiple  suppliers  is  carried  out  in  this  section.  This  case  is  more 
complex  because  of  the  possible  modes  of  behavior  of  the  individual  sup- 
pliers. The  multiple  suppliers  of  the  homogeneous  depletable  resource  may 
either  collude  or  act  Independently.  In  independent  action  the  key  fea- 
ture in  the  characterization  of  oligopoly  markets  is  the  recognized  inter- 
dependence among  sellers.  There  is,  however,  no  single  accepted  theory  of 
oligopolistic  Interdependence.  A variety  of  models  can  be  devised  de- 
pending upon  the  assumptions  on  one  supplier's  conjecture  of  how  the  other 
supplier's  output  will  alter  as  a result  of  his  own  change  in  output. 

The  supply  model  that  we  consider  here  assumes  the  existence  of  a 
collusive  agreement  between  the  multiple  suppliers  of  the  resource.  This 
formulation  will  permit  the  definition  of  an  equilibrium  problem  that  is 
essentially  similar  to  the  sectoral-supplier  equilibrium  of  Chapter  2. 

Alternative  depletable  resource  oligopolistic  supply  models  will  be  dis- 
cussed in  section  3.V. 

For  an  homogeneous  resource,  we  can  define  the  revenue  function  of 
each  individual  supplier,  J-1,2, . . . , J,  as  ^ 
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ej(r  E r ) = E r.) 

J ^ i=l  1-1  ^ t 

it‘j 


(3.7) 


1 r. 


1-1 


or  in  other  words,  each  supplier  receives  Its  share  of  the  joint  revenue 
as 

J ^ J ^ J 


E eUr  , E r ) - 6*'(  E r ) . 

j=l  J J l=j  ^ 1-1  J 


We  can  then  show 

Lemma  3.3:  If  3*”  Is  concave,  non-decreasing,  continuous  and  satisfies 
3^(0)  = 0,  then  3j,  j=l,2,...,J,  is 
(i)  concave  in  r^  for  fixed  r^,  i=l,2,...,J,  i^^J 
(11)  non-decreasing  in  r^  for  fixed  r^,  i=l,2,...,J,  l?*j 
(ill)  continuous  in  both  arguments 

t J 

(Iv)  3?(0,  E r.)  = 0 for  all  r . ^ 0 . 

J i=l  ^ ^ 

m 

Proof:  For  notational  simplicity  we  let 


-j 


From  the  concavity  of  3 we  have 


J 

1=1 


3^(rj+r_j)  53^(rj+r_j)  + n^(rj-rj) 
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t ^ A A 

where  ’f  ^ 0 is  a subgradient  of  8 at  r**rj+r  ^ . It  can  be  shown  that 


,)  ---1—  < J 


j -y 


r.+r  . J "J  r,+r 


-J 


J -j 


+r  ) — — * 2 -^  ) + 


+ — 


e (r,+r  ,) 


Since  8^  is  concave  and  8*’(0)  = 0,  the  last  term  is  non-positive.  By 
definition  (3.7),  we  have 


+ 8 (r4+r_.)  -r—t 2 


where  the  term  inside  brackets,  n^,  is  a subgradient  of  6^  at  r^^r^ . This 

completes  the  proof  of  part  (i) . Part  (if)  follows  because  Tt^  L Parts 

(ill)  and  (iv)  are  readily  verified  from  the  definitions  (3.7).  || 

When  the  multiple  suppliers  of  the  depletable  resource  collude,  they 

12  T 

determine  their  individual  supply  schedules  

over  a planning  horizon  T,  by  jointly  maximizing  the  present  value  of  pro- 


fits. They  solve  the  multiple  suppliers'  problem 
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T J t-1 

V (R  ,R  , ...,R  ) = max  Z ^ - Z ( Z r^,rS}  + 

^ ^ ^ J t-1  J=1  1-1  J J 


T T T 

T T-fl  t t t 

+ Z rJ.R2  - ^ rj.-.-.Rj-  E rj) 

t-1  t-1  t=l 


i.  - “3 


j— 1,2, , . • , J 


(3.8) 


r t t 

Z r = r 
j=l  J 


t-1,2, . . . ,T 


rJlO 


J“1,2,...,J  t*”l,2,...,T 


where  Is  the  Individual  supplier’s  extraction  cost  functions,  6^  is 

T+1 

the  joint  revenue  function  and  3 is  a salvage  valuation  the  suppliers 
agreed  upon.  The  assumptions  on  those  functions  are  unchanged  from  sec- 


tion 2.  II. 


The  solution  to  the  multiple  suppliers'  problem  (3.8)  can  also  be 
computed  by  backward  dynamic  programming  recursions  similar  to  (2.5).  The 
state  space  Is  now  the  J-dimensional  vector  (S  ,S  , ...,S^)  where  S de- 
notes  the  reserves  of  the  depletable  resource  held  by  the  j-th  supplier, 
J-1,2,...,J.  The  multiple  suppliers'  problem  (3.8)  Is  solved  by  deter- 


mining 


(Rj^ , R2  * • • • '^2  ^ * * * 


124 


where 

J J- 

V»(S  ,S  ) - maximum  L r ) - 1 gj(R.-S.,r  ) + 

T 1 2 J Olr^lSj  j-1  J j=i  J J J J 

j“l, 2 , . . . , J 

t=T,T-l 1 

with 

V^''’^(Si,S2,.. . ,Sj)  -=  e'^'’'^(Sj^,S2....,Sj)  . 

Defining  the  multiple  suppliers'  Joint  revenue  function  as 

B*^(r)  = 4*^(0)  - 4*^(r) 
we  establish  as  an  equilibrium  condition 

"For  any  non-negative  resource  levels 
r2^fr2f  • • • > r ^ ^ t*lp2y*«*yT}  satisfying 
^ t 

Z r.  < R , j=l,2 J,  we  say  that 

t-1  J J 

the  sectoral  problems  and  the  multiple 
suppliers'  problem  are  in  equilibrium 
If  these  resource  levels  permit  the 
suppliers  to  Jointly  maximize  their 
profits,  namely 


(3.9) 


(3.10) 
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V^(R^,R2, 


.Rj) 


T J 

E E rb 

t=l  j=l  ^ 


^ t i t 

E g:(  £ rj.r:)} 

j»i  ^ 1=1  J J 


+ o 


T 

E 

t=l 


t 

^1* 


T T 

E r,,...,R,  - E rp." 
t=l  ^ t-1 


Equilibrium  as  defined  by  (3.10)  can  be  reached  through  the  same  Iterative 
approach  of  section  2. II I.  At  each  Iteration,  the  multiple  suppliers’ 
problem  can  be  solved  using  the  piecewise-linear  upper-bound  approximations 
(2.13)  or  (2.17)  to  the  joint  revenue  functions  (3.9).  The  joint  supply 
schedule 


t.n 


J 

E 


.t.n 


t=l,2, . . . ,T 


Is  then  sent  to  the  sectoral  problems  (2.10)  or  (2.16)  to  be  priced  out. 
The  process  Is  then  repeated. 

The  convergence  properties  of  the  above  scheme  are  unchanged  from 
Theorems  2.1  and  2.2.  For  this  reason  we  state  without  proof 

Theorem  3.3;  (Finite  Convergence)  The  Iterative  scheme  converges  to  an 
equilibrium  solution  after  a finite  number  of  Iterations  between  the  LP- 
sectoral  problems  (2.10)  and  the  multiple  suppliers'  problem  (3.8). 

Theorem  3.4;  (Infinite  Convergence)  The  Iterative  scheme  converges  to 
an  equilibrium  between  the  convex  sectoral  problems  (2.16)  and  the  multi- 
ple suppliers'  problem  (3.8)  as  the  number  of  Iterations  tends  to  Infinity. 
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We  consider  now  the  case  In  which  each  Individual  supplier 's  extrac- 
tion cost  function  Is  specified  by  a cumulative  extraction  cost  function 
(2.20),  namely  where 


A cumulative  extraction  cost  function  for  pooled  resource  reserves  can  be 
determined  by 

J 

e(E)  = min  Z 

j-1  J J 

J 

s.t.  Z E >E  (3.11) 

j-1  J 

0 1 Ej  1 Rj  J-1. 2 J 

It  Is  easy  to  show  that  If  each  Individual  cumulative  extraction  cost 
function  ej,j=l,...,  J is  convex  and  Increasing,  the  resulting  joint 
cumulative  extraction  cost  function  Is  also  convex  and  Increasing.  Also 
If  each  e^ , j-1,2, . . . , J,  Is  piecewise  linear  with  a finite  number  of  seg- 
ments the  resulting  function  e will  also  be  piecewise  linear  with  a fin- 
ite number  of  segments. 

By  extending  each  Individual  cumulative  extraction  cost  function  to 
satisfy 

for  Ej.Rj  j.1.2 J 

It  Is  trivial  to  verify  that  e,  given  by  (3.11)  will  result  from  the 
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integration  of  the  horizontal  summation  of  the  Individual  marginal  cumu- 
lative extraction  costs  as  depicted  below. 


e|  R2  Ej  E^  E^+R^  E 


Figure  3.3 


This  observation  suggests  another  iterative  level  in  the  solution  of  the 
multiple  suppliers  equilibrium  (3.10)  problem.  The  multiple  suppliers' 
problem  (3.8)  could  be  solved  at  each  Iteration  using  also  lower-bound 


approxlmatlpns  to  the  individual  cumulative  extraction  cost  functions  e^, 
that  result  either  from  the  omission  of  some  linear  segments  in  the  piece- 


wise linear  specification  (2.20b)  or  tangential  approximations  to  more 
general  convex  specifications.  These  lower-bound  approximations  will  re- 
sult in  lower-bound  approximations,  to  the  aggregate  or  joint  cumulative 
extraction  cost  function  given  by  (3.11).  Iteratively,  they  can  be  se- 


quentially improved  by  the  addition  of  new  linear  segments,  simultaneously 
with  the  generation  of  new  linear  segments  by  the  sectoral  problems  to 
the  upper-bound  approximations  to  the  joint  revenue  function.  This  modi- 
fied scheme  is  depicted  in  Figure  3.4. 
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The  advantage  Introduced  by  this  parallel  Iterative  approach  is 
more  clearly  seen  the  larger  the  number  of  suppliers  and  the  larger  the 
number  of  linear  segments  in  each  individual  cumulative  extraction  cost 
functions. 
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aT+1  1 

are  valued  at  a price  p per  unit  . We  assume  that  the  individual  ex- 
traction cost  functions  are  convex  and  increasing.  The  objective  in 
(3.15)  is  then  concave  and  for  differentiable  extraction  cost  functions 
g^,  the  Kuhn-Tucker  conditions  for  optimality  are  necessary  and  sufficient. 
These  require  the  existence  of  a pair  satisfying: 


.t  ‘*^1  I j-t  - 1-t  T-t+1  -.T+1 

p r - E — - -X  a -a  p <^0 

dr^  j=t+l  dr^ 

t=l,2, . . . ,T 


/-t  ‘*®i  I j-t  r i-t  T-t+i  ,T+i.  t 

(p r - E a-"  — - -X  a -a  p )r  =0 

dr^  j=t+l  drj  ^ ^ 


t»l,2, . . . ,T 


(3.13a) 


(3.13b) 


E < R , r J ^ 0 t-l,2,...,T  (3.13c) 

t-l  ^ 


- T 
X.(  E 
t-=l 


*t 


Rj^)  - 0 


(3.13d) 


> 0 (3.13e) 

The  Interpretation  of  (3.13c),  (3.13d)  and  (3.13e)  is  trivial.  For 
r^  ^ 0,  (3.13b)  gives 


An  explanation  for  the  linearity  of  the  individual  supplier's  salvage 
function  is  the  existence  of  a parallel  competitive  market  for  stocks 
as  suggested  by  Stiglitz  [85], 
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^ t-J  " ] 

I a ^ — I + X o 
j-t+1  drj 


T-t+1  -T+1 
a p 


(3.14) 


The  term  in  the  right-hand  side  of  (3.14)  has  been  interpreted  for  (2.3). 
The  left-hand  term  is  the  difference  between  price  and  the  marginal  imme- 
diate cost  of  the  i-th  supplier.  Equation  (3.14)  then  requires  for  the 
i-th  competitor  that  price  equals  total  marginal  costs  (Immediate  plus 
total  user's  costs). 

Similarly  to  the  development  in  section  2.11  the  pure  competitor 
supplier's  problem  (3.12)  can  be  reformulated  as  a backward  dynamic  pro- 
gramming problem.  The  backward  recursions  are  similar  to  (2.5).  When 
the  Individual  competitive  supplier's  extraction  cost  function  is  piece- 
wise  linear  as  given  by  (2.20),  the  pure  competitor  supplier's  problem 
can  be  transformed  into  a linear  program  analogous  to  (2.23).  The  LP- 
pure  competitor  supplier's  problem  will  Involve  less  constraints  than 
(2.23)  because  the  revenue  function  and  salvage  function  in  (3.12)  are 
linear  functions  of  the  supply  in  each  period  t and  of  the  Iddle  stock  at 
the  end  of  the  planning  horizon  respectively. 

However,  we  shall  abstract  from  further  considerations  on  the  indi- 
vidual supplier's  problem  and  concentrate  on  the  aggregate  supply  of  the 
competitive  market.  Considering  the  depletable  resource  homogeneous,  the 
economic  sector  responds  only  to  total  quantities  (aggregate  supply)  in 
each  period,  irrespectively  of  its  individual  composition.  For  this  pur- 
pose we  let  denote  the  economic  sector  demand  function  for  the  deple- 
table resource  in  period  t.  We  further  assume  p^  is  non-increasing,  and 
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that  the  integral 

P*'(r)  p’'  (O  dC  (3.15) 

0 

exists.^  Then  by  Rudin  [ ] 

The  area  under  the  demand  curve  In  (3.15)  can  be  interpreted  as  a measure 
of  the  sectoral  surplus.  Similarly  to  the  concept  of  consumer's  surplus 
(see  Samuelson  [72])  when  p^  refers  to  consumer  demand,  (3.15)  is  a mea- 
sure of  the  benefit  to  the  economic  sector  of  having  r units  of  the  de- 
pletable  resource  available  in  period  t. 

We  can  then  show 

Lemma  3. A:  If  p^  is  non-increasing,  and  (3.15)  exists  then 
P^(r)  is  concave. 

Proof:  Since  p^  is  non-increasing, 

[P^r)  - P^r^)]  (r  - r^)  1 0 

Therefore  , for  ? > r we  have 

— o 

sufficient  condition  for  (3.15)  to  exist  is  boundedness  and  continuity 
(see  Rudin  [71].)  , 
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/ (C)  dC  1 / P*^(r  ) dC 

r ° 


which  yields 


P^r)  < P‘'(r  ) + p^r  ) (r-r  ) 
— o o o 


Conversely  for  C we  have 


/ V(^>  d^>  / ° p’^Cr  ) dc 


also  yielding 

P^ir)  < p’^Cr  ) + p^ir  ) (r-r  ) 

— o o o 

Consequently  P*"  is  concave.  | | 

Similarly  to  static  competitive  equilibrium  resulting  from  the  maxi- 
mization of  consumers'  plus  producers'  surplus  we  shall  argue  that  an 
Intertemporal  competitive  equilibrium  will  result  from  the  maximization 
of  the  constrained  discounted  sectoral  plus  suppliers'  surplus  over  the 
planning  horizon  T.  The  competitive  market  problem  is  then 


max 


T r' 

E r p^C)  dc 

t*l  L — 


- g*^(  I r^.r^)}  + a’’  E r*^) 

J-1  t-1 
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8. t.  E r ^ R 
t«l 


(3.16) 


r*^  > 0 


t=l,2,...,T 


where  -g  is  the  suppliers'  (producers')  surplus  (the  integral  of  the 

T+1 

aggregate  supply  function)  and  S is  a salvage  function  the  market 

1 t T+1 

agrees  upon  . We  assume  g is  convex  and  non-decreasing  and  6 is  con- 

T+1 

cave,  non-decreasing  and  satisfying  6 (0)  » 0. 

The  Kuhn-Tucker  necessary  and  sufficient  conditions  for  problem 
(3.16)  require  the  existence  of  a pair  (r,X)  satisfying 


. I J-t  . 

dr*^  j = t+l  dr*^ 


T+1 

; i-t  T-t+i  ds  ^ ^ 
X a - a — £ 0 

dr 


t=l,2, . . . ,T 


(3.17a) 


t T 1 T+1 

t dg^  . j-t  dV  : 1-t  T-t+1  d6^  -t  - 

Z a-'  — ^ - X a - a t—)  r = 0 


dr*"  j=t+l  dr^ 


t=l,2,...,T 


(3.17b) 


Z £ R , r^  ^ 0 
t=l 


t-1,2 T 


(3.17c) 


X(  E r - R)  = 0 
t-1 


(3.17d) 


X > 0 


(3.17e) 


^If  a competitive  market  for  reserves  exists  in  period  T+1,  then 


e^'^^(S)  - /q  (C)  dc 
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Weinstein  and  Zeckhauser  [91]  argued  in  their  infinite-horizon 
model  with  cumulative  extraction  cost  functions  e^,  the  efficiency  of  the 
competitive  market,  as  it  yields  the  same  allocation  as  the  social  opti- 
mum determined  by  the  solution  of  the  infinite-horizon  version  of  the 
competitive  market  problem  (3.16).  In  case  the  aggregate  cumulative  ex- 
traction cost  function  is  given  by 

e(E)  = min  7.  e (E  ) 
i 

I E^  >_  E 

0 1 1 all  1 

the  aggregate  marginal  extraction  cost  function  would  be  the  horizontal 
summation  of  the  individual  marginal  extraction  cost  functions.  Conse- 
quently if  the  individual  competitive  suppliers  are  faced  with  the  se- 
quence of  prices 

t=l,2,...,T 


-t 

S=R-  I r 
t=l 

*1  *2  ■'T 

where  (r  ,r  ,...,r  ) is  an  optimal  solution  to  (3.16),  the  identity  be- 
tween the  optimality  conditions  (3.13)  and  (3.17)  can  be  readily  verified, 
ascertaining  that  the  same  argument  is  valid  here. 

I 

t- 


-T+l 

P 


dS 
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We  consider  now  the  case,  where,  the  economic  sector,  cn  the  de- 
pletable  resource  demand  side,  also  acts  as  a price-taker.  Faced  In 

A t 

period  t with  a price  p , the  sector  determines  Its  resource  usage  by 
solving  In  each  period 

min  ♦^(r)  + p^r  (3.18) 

s.t.  r ^ 0 

A necessary  and  sufficient  condition  for  optimality  In  problem  (3.18) 
requires  that 


t 

P 


> 0 


«=  0 If  r > 0 


This  would  give  the  seator'al  demand  function  as 


(3.19) 


for  r > 0.  Fig.  3.5,  below,  depicts  the  sectoral  demand  function  that 
results  when  4^  is  computed  from  the  LP-sectoral  problems  (2.10). 


Figure  3.5 


Fig.  3.6,  In  contrast,  depicts  a smooth  demand  function  that  could  re 
suit  from  more  general  convex  specifications  for  the  sectoral  problems 
such  as  (2.16). 


A competitive  equilibrium  can  then  be  determined  by  solving  the 


competitive  market  problem  (3.16).  Notice,  however,  that  the  sectoral 
surplus 
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P (r)  = 


r 

/- 

0 


d$ 

dr 


dr 


- «‘^(r) 


is  given  by  the  sectoral  cost-savings  in  meeting  demand  for  end-use  goods 
as  defined  In  (2.7).  Consequently  the  identity  between  the  efficient  re- 
source allocation  as  determined  by  (3.16)  and  an  equilibrium  solution 
(2.9)  to  the  sectoral-supplier  equilibrium  model  of  Chapter  2 can  be 
readily  verified.  This  fact  can  be  explained  by  the  definitions  (2.8) 
for  the  supplier's  revenue  functions  in  Chapter  2. 

If  the  economic  sector  is  a competitive  price-taker,  then  an 
unique  supplier  capturing  as  revenue  the  full  amount  of  the  sectoral  sur- 
plus will  produce  the  competitive  efficient  resource  allocation  over  time. 
Therefore  we  have  two  alternative  interpretations  for  the  basic  equili- 
brium model  introduced  in  Chapter  2.  The  former  Interpretation  is  pre- 
ferred because  it  led  to  an  Iterative  approach  in  the  quantity  space  that 
is  more  clearly  pictured  in  a one-sector-one-suppller  framework.  It  also 
avoids  much  of  the  difficulties  that  would  be  Introduced  by  the  non- 
dlf ferentiabllity  of  the  functions  in  the  price  space.  However  this 
equivalence  should  be  kept  in  mind  from  here  on  as  it  gives  an  alterna- 
tive interpretation  to  the  extensions  carried  out  in  subsequent  chapters. 

The  unique  distinction  that  needs  to  be  made  between  the  competi- 
tive equilibrium  and  the  basic  equilibrium  (2.9)  concerns  the  resource 
prices.  For  a unique  supplier  receiving  the  sectoral  cost-savings  as 
revenue  his  receipts  per  unit  would  be  given  by 
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B^r)  . »^(0)  - 
r “ r 

as  depleted  in  Figure  3.7. 


In  contrast,  competitive  equilibrium  prices  would  be  determined  by 


p^(r) 


as  depicted  In  Figure  3.5. 

A few  comments  are  In  order.  Some  of  the  extensions  of  the  basic 
equilibrium  model  carried  out  In  section  2.V.1  may  need  a different 
treatment  In  the  present  context.  One  such  example  Is  the  case  of  price 
regulation.  As  price  regulation  would  limit  the  prices  that  can  prevail 
in  competitive  equilibrium  we  would  have  here  as  the  driving  force  of  the 
modified  equilibrium, the  restraint 


't,n+l  , .-t  t,n+l, 

n ■ min  ip  , x ’ } 


Instead.  Another  point  worth  mentioning  are  the  results  of  section  2. VI 
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for  finite  versus  Infinite  time  depletion.  These  could  be  reinterpreted 
here  In  terms  of  whether  or  not  the  sectoral  demand  function  (3.19)  In- 
tercepts the  vertical  axis. 

3.V.  Alternative  Structures  of  the  Depletable  Resource  Supply  Market 
In  this  section  we  discuss  the  Impact  of  some  alternative  market 
structures  In  the  context  of  the  allocation  over  time  of  the  fixed  re- 
source stock  of  a depletable  resource. 

Monopoly.  Wliile  the  basic  equilibrium  model  introduced  in  Chapter 
2 assumed  the  existence  of  a unique  supplier  of  a depletable  resource, 
the  observations  of  section  3. IV  confirm  that  this  was  the  case  of  a 
perfectly  discriminating  monopoly  (see  Malinvaud  [6(^).  Here,  Instead, 
we  consider  briefly  the  traditional  monopoly  framework,  where  the 

monopolist  faces  the  sectoral  demand  function  (3.19).  The  monopolist 

12  T 

Is  assumed  to  determine  a supply  schedule  r ,r  ,...,r  over  a planning 
horizon  T by  solving  the  monopolist  problem 

max  r ^ {p*'(r^)r*’  - g*'(  I r.  ,r  )}  + 8^^^(R-  E r^) 

t-1  J=1  ^ t»l 

^ t 

s.t.  Z r j<  R (3.20) 

t=l 

r^  ^ 0 t=l,2, . . . ,T 

with  the  cost  functions  being  derived  from  the  LP-sectoral  problems 
(2.10).  The  shape  of  the  monopolist  total  revenue  is  depicted  below. 


a 


Figure  3.8 

This  situation  Illustrates  an  anomaly  of  demand  functions  derived  from 
linear  programs.  Obviously  the  monopolist  will  not  be  willing  to  supply 
the  resource  in  the  range  total  receipts  would  be  lower 

than  selling  to  the  economic  sector  r^^  units  and  disposing  of  the  re- 
maining '**'it®*  Hence  for  all  purposes  in  solving  (3.20)  we  can 

restrict  ourselves  to  the  continuous  function  in  dashed  lines  in  Figure 
3.8.  However  the  monopolist  problem's  objective  will  not  be  concave  and 
furthermore  non-dif ferentiable  optimization  techniques  would  be  required 
to  solve  (3.20)  (see  Zangwlll  [95])- 

While  Sweeney  [87  ] and  Weinstein  and  Zeckhauser  [ 91]  have  shown 
that  for  constant  elasticity  demand  functions,  the  competitive  and  mono- 
polist supply  schedules  with  no  extraction  cents  would  coincide  and  that 
for  linear  demand  functions  the  monopolist  will  overconserve  the  resource, 
no  a priori  conclusions  can  be  easily  drawn  in  our  case.  Apparently  the 
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question  of  Intertemporal  bias  In  a comparison  of  the  competitive  market 
of  section  3. IV  and  the  monopoly  supply  schedules  Is  non-trivlal  to 
answer  for  piecewise  linear  cost  functions  4>*’.  However,  we  believe 
to  have  set  the  computation  framework  in  which  these  supply  schedules  can 
be  actually  computed  and  compared  not  only  on  the  basis  of  the  direction 
of  the  bias  but  also  on  the  magnitude  of  this  bias. 

Oligopoly.  Most  of  the  independent  action  oligopoly  theories  can 
be  extended  to  an  intertemporal  framework  with  fixed  resource  stocks. 
However  the  solution  of  even  the  simple  traditional  duopoly  models  be- 
comes quite  complicated  when  at  the  same  time  we  introduce  simultaneously 
non-dif ferentlable  revenue  functions,  extraction  cost  functions  depending 
upon  cumulative  extraction  and  a finite  planning  horizon.  In  static 
Cournot  [ 9 ] duopoly  theory  each  individual  supplier  using  its  individual 
revenue  function  maximizes  profits,  assuming  that  the  other  oligopolists 
will  not  alter  their  output  as  a result  of  his  decision.  In  a duopoloy 
with  depletable  resources,  duopollst  i (i=l,2)  solves  the  Cournot 
duopolist  problem 

„1,„  1 2 T.  I t-1 

VT(Ri;rj,rj r^)  •=  max  Z a 


s.t. 

r J ^ 0 t-1,2,... ,T 


t tv  k tv,  , 

(r^,r  ) - gAZ  r^,r^)}  + 
k*l 

- Z rj) 

^ t-1  ^ 


£ rJ<R  (3.21) 

t-1 


\ 
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assuming  (r^  .r^ , . . . .r^ ) fixed,  Jj*!,  and  with  defined  by  (3.7).  Let 
the  set  of  optimal  solutions  to  (3.21)  be  characterized  by 


- jr^  I rj  > O.t-1,2 T,  rj  < 


and 


2 ^ {8^(r^,r^)  - gj(  Z r^.rb}  + 

t-1  1 1 3 ^ k-1 


+ a'^6’’‘^^(R^  - rj)  - V^(R^;rj)j 


(3.22) 


12  T 

where  for  notatlonal  simplicity  » (r^,r^, . . . ,r^) , for  i"l,2  and  jT*i. 
This  set  Is  a generalization  of  the  concept  of  reaction  function  (see 
Intrllligator[47])  to  non-strictly  concave  objectives  and  multiperiod 
planning.  It  gives  the  reaction  set  of  duopollst  1 to  fixed  supply  sche- 
dules of  duopollst  j In  the  planning  horizon  T (1=1,2  and  ji^i) . 

A A 

The  pair  defined  to  be  a Cournot  equilibrium  if 

( fj  e V\r^) 


(3.23) 


Lemma  3.5;  The  Image  of  l'^(r^)  is  a 

(I)  convex 

(II)  closed 


subset  of  X - (r.  ^ 0 | Z r:  ^ R, } 
^ ^ t-1 
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12  1 

Proof:  Let  e V (r^).  Then  for  any  0 < u < 1 

+ (1-w)  r^’^  ^ 0 t=l,2 T 

and 


Z oir^’^  + (In.))  r^’^  < R ; 
t=l 


Consequently, 


> Z^  {B^Ctor^*^  + (lno)rJ’^rJ) 


t/„^  , k.l 


g;(  Z [(or^’"  + (l-u,)r’'’^l,  lorj’^  + (Ino)  r^’^)  + 
k=l  ^ 11  i 


t.2, 


T T+1  t 1 t 9 

a 6.  (R.  - Z [a)r!’-^  + (1-to)  r'^])  > 

^ ^ t=>l  ^ 1 - 


k,i  t.i, 


Z {B^CrJ’^  - g"(  Z r^-’",  r"*^)}  + 

t=l  ^ ^ k=l  ^ ^ 


T T+1  _ ; t.l 

a (R^  Z r^  ) 

t=l 


+ (1-u)) 


t-1  i ^ 


t/r^  k,2  t,2 


T.T+1, 


g:(  Z rT’^.r;*-)  +a*6t""(R.  - Z rj’^) 

^ k-1  ^ ^ ^ t«l  ^ 


Vj(R^;rj) 


J 

■5 

'1 

! 

I 

i 

I 


T 
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1 2 

where  the  first  Inequality  follows  since  + (l-a))r^  is  feas- 
ible for  (3.21)  and  the  second  inequality  from  the  concavity  of  the 
objective.  We  conclude  that 

mrj  + (i-io)  rj  e 

which  completes  the  proof  of  (1) . 

Let  {r”}  be  a sequence  in  converging  to  r^.  We  have  for  all 

terms  in  the  sequence 

^ t-1  .-t,  t,n.  4.  - r = 

t=l  k=l  t=l 


From  the  continuity  of  the  objective,  we  have  after  taking  limits 


t»l  ^ 


rJ’*.r^**)}+aV^Ri  - I rj’*) 

^ k=l  t*l 


v^(Ri;rj)  . 


Therefore, 


r*  e 


which  completes  the  proof  of  the  lemma. I | 
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Lemma  3.6;  The  point-to-sat  mapping  ) Is  upper  semi-contlnuous . 

Proof:  Let  and  sequences  such  that  r”  t converging 


* * 

to  and  Tj  respectively.  Clearly, 


t * 

rj’  > 0 . 


t-1,2, . . . ,T 


t * 


since  is  a compact  set. 


Consequently, 


T t-1 

1 * * t-1  tt*t*  t '*'k*  t*. 

v^(R^;r^)  > ^ ""i  * ""i  ■*■ 


- E rj**)  = 
t=l  ^ 


T t-1 

■1^  t-1  .t,  t,n  t,n.  t-  ^ k,n  t,n.,  ^ 

11m  E a ) “ 8^(  E )}  + 

t=l  ^ k=l 


T„T+1.- 
a (R^ 


T 

..  t,n. 

E r * ) 

t-1  ^ 


lim  vJ(R^;r"j 
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where  the  inequality  follows  because  is  feasible  for  (3.21)  at  , 
the  first  equality  from  the  continuity  of  the  objective  and  the  second 
equality  by  definition. 

All  it  remains  to  show  is  that 

lim  V^(R^;r")  > V^(R^;r*)  (3.24) 

or  in  other  words,  that  is  a lower  semi- continuous  function  of  . 
Suppose  the  contrary. 


11m  vJ(R^;rj)  < V^(R^;r*) 

o i ^ 

then  for  n sufficiently  large  and  any  e (r^)  from  the  continuity  of 
the  objective  we  would  have 


I {B5(rJ’",r^")  - gj(\^  rj’",rj’")}  + a^6^‘^^(R  - E r *^’“)  < 

t=l  1 i 3 ^ k=l  ^ ^ ^ t-1  ^ 


E a*"  ^ {Bj(r5’°,rj’" 
t-1  1 1 J 


t— 1 T 

X b.  „ k,o  t,o..  , _ t,o. 

) - g ( E r ’ ,r  ’ )}  + a 6.  (R.  - E r ) 

^ k=l  ^ ^ ^ ^ t=l  ^ 


But  this  would  contradict,  for  n sufficiently  large,  the  assumption  that 


rj  e l/^(r") 

Hence  we  must  have  that  (3.24)  holds  and  consequently  equality  follows. 


giving 
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* ..1  * 

e I'  (r^) 

which  proves  the  upper  semi-continuity  of  the  mapping  as  desired.il 

Theorem  3.5:  For  a duopoly  with  depletable  resources,  there  exists  a 
Cournot  equilibrium,  as  defined  in  (3.23). 

Proof:  Consider  the  point-to-set  mapping 

By  Lemma  3.5,  V maps  (Xj^,X2)  into  a closed  convex  subset  of  (X^  X^).  The 
point-to-set  mapping  is  upper  semi-continuous  as  a result  of  Lemma  3.6. 
Katukani’s  [48]  fixed-point  theorem  (see  Stoer  & Witzgall  [86])  guaran- 
tees the  existence  of  a point  such  that 

(Fj^.f^)  e l'(fj^,r2)  , 

or  equivalently,  from  the  definition  of 

r2  e 

which  is  a point  of  Cournot  equilibrium  by  definition  (3. 23). I I 

In  the  spirit  of  this  thesis,  an  equilibrium  between  the  economic 
sector  and  the  Cournot  duopoly  could  be  defined.  An  iterative  scheme 
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between  the  economic  sector  and  the  Cournot  duopoly  would  generate  a 

112  2 T T 

sequence  of  tentative  supply  schedules  (rj^+r2frj^+r2, . . . ,rj^+r2)  . At  each 
Iteration  the  Cournot  equilibrium  could  be  solved  by  any  method  appli- 
cable for  approximating  fixed  points  (e.g.  Scarf  & Hansen  [74].  Scarf 
[73]). 

We  illustrate  alternative  models  of  oligopolistic  reaction  ex- 
tended to  the  case  of  multiperiod  planning  with  depletable  resources. 
Proofs  of  existence  of  equilibria  are  similar  to  the  one  just  given  and 
will  be  omitted.  Stackelberg's  [83]  leader-follower  duopoly  theory 
assumes  that  the  leader  (1=1)  is  sophisticated  enough  to  take  into 
account  the  reaction  (3.22)  of  the  follower,  while  the  follower  (1=2) 
solves  problem  (3.21).  Tn  a duopoly  with  depletable  resource 
Stackelberg's  leader's  problem  is  to 


T t-1  T 

^ t-1  j-ot.t  t.  t,_  j t..  T„T+1,_  _ t. 

V (R  ) = max  I a 18  (r  ,r  ) - g ( I r:J,r  ) + a 8 (R  - T r ) 

^ . t=l  i.  1.  ^ ± 1 1 X i. 


s.t . r r,  R-| 

t=l  ^ ^ 


12  T ? 1 2 T 

e 


(3.25) 


rJlO 


t=l,2 T 
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Other  behavioral  assumptions  for  the  independent  action  duopolists 
stem  from  the  market  shares  model,  in  which  one  duopolist  (i=2)  wishes  to 
maintain  a particular  market  share  k,  independent  of  the  short-run  ef- 
fects on  its  profits,  in  other  words 

kr^ 

= 3^  t=l,2,...,T  (3.26) 

The  other  duopolist  (1=1)  would  then  maximize  his  profits  utilizing  the 

2 

knowledge  of  (3.26),  by  substituting  it  for  V , t=l,2, . . . ,T,  in  (3.25). 

Duopolistlc  behavior  can  also  be  transformed  Into  a zero-sum  game 
by  Bishop's  [4  ] warfare  theory.  It  assumes  that  each  duopolist  maxi- 
mizes the  excess  of  its  profits  over  the  other  duopolists  profits.  Con- 
sequently, the  second  duopolist  acts  as  to  minimize  the  first  duopolist 
maximum  excess  profits. 

Which  of  these  duopoly  solutions  is  more  realistic  is  an  unanswered 
question.  There  does  not  seem  to  be  enough  evidence  that  would  in  gen- 
eral support  one  model  among  all  possibilities.  For  this  reason,  little 
progress  has  been  made  in  oligopoly  theory  in  recent  years,  and  there 
seems  to  be  a general  trend  to  develop  oligopolistic  market  analysis  de- 
parting from  the  traditional  theory's  assumptions  on  the  conjectural 
interdependence  (see  Cohen  and  Cyert  [6  ])•  These  in  general  do  not  per- 
mit a mathematical  programming  treatment  and  shall  not  be  exploited  here. 
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3. VI.  Multiple  Depletable  Resources 

We  consider  in  this  section  an  economic  sector  whose  primary  sup- 
plies Include  multiple  depletable  resources.  Denoting  by  the  amount 
of  depletable  resource,  in=l,2, . . . ,M,  available  to  the  sector  for  the  pro- 
duction of  end-use  goods,  a model  of  the  economic  sector  provides  in  each 
period  the  cost  function 


4*  • 


11,)  = minimum  cost  of  meeting  demand  for  end-use 
M 

goods  in  period  t,  when  m=l,2,...,M, 
are  the  quantities  of  the  M depletable  re- 
sources available  to  the  sector  in  period  t. 


(3.27) 


We  assume  as  before  that  is  non- increasing  in  r , m=l,2,.,.,M  and 

IQ 

convex.  We  also  require  that  $^(0,0, . . . ,0)  < + ",  or  in  other  words, 
that  the  end-use  goods  demand  can  be  met  in  each  period  (at  finite  cost) 
in  the  absence  of  the  M depletable  resources.  This  assumption  permits 
us  to  define  the  aost-savings  function 


*^(0,0, . . . ,0)  - 4>^(r'^,r^ = cost-savings  in  meeting  the  demand 

for  end-use  goods  in  period  t when 

r ,m=l,2,...,M  are  the  (3.28) 

m 

quantities  of  depletable  resource 
available  to  the  sector  in  period  t. 

If  is  non-increasing  and  convex,  the  cost-savings  function  is  non- 
decreasing and  concave. 
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In  an  analogous  fashion  to  Chapter  2,  we  Illustrate  here  the  computation 
of  the  cost-savings  function  (3.28)  for  two  possible  specifications  of 
sectoral  problems: 

1)  A LP-Sectoral  Problem 

. . t t ^ ^t  t 

<I>  (r-,r  , ...,r  ) = mxn  c x + f s 
1 z m 


s.t.  p X 

m 


m 


- s*^  £ 0 


At  t 
A^x 


> 


m=l,2,...,M  (3.29a) 


(3.29b) 


(3.29c) 


0 ^ x*^  and  0 ^ s^  ^ 3^  (3.29d) 

The  properties  of  4'^,  as  given  by  problem  (3.29)  are  summarized  by  the 
following  lemma,  whose  proof  is  similar  to  that  of  Lemma  2.1  and  there- 
fore omitted. 

Lemma  3.7:  given  by  (3.29)  is 

(1)  non- increasing  and  convex  in  f , m»l,2,...,M 

n 

(li)  piecewise  linear  in  r , nr“l,2, . . . ,M  with  a finite 

m 

number  of  segments. 


Linear  programming  duality  theory  would  give  the  cost-savings  function 
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(3.28)  in  an  analogous  fashion  to  (2.11)  as 

♦ *^(0,0,...,0)  - 'l>*^(f  . . . ,J’^)  = minimum  {(4'^(0)-u^’'^  + 

k=l , . . . 


ii)  A Convex  Sectoral  Problem 

. . . ,r^)  = min  c*^(x*^)  + f^(s^) 


s.t.  F‘^(d‘^;{x’^,s*^,Zj,Z2,...,zJ})  i 0 (3.30a) 

< r (3.30b) 

TD  m 

ZD~*1 1 2 y 

0 £ x*^  . 0 < s*^  < (3.30c) 

Under  the  convexity  conditions  on  c^,  and  imposed  in  section  2. Ill, 

the  properties  of  generated  by  (3.30)  are  similar  to  those  in  Lemma 
2.2,  and  are  summarized  without  proof  in  the  following  lemma. 

Lemma  3,8 t given  by  (3.30)  Is  non-increasing  and  convex  in 

m^i f2y • • • 

f 

i 

I 

i 
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If  problem  (3.30)  satisfies  a Slater  condition  as  In  section  2. Ill,  then 
convex  programming  duality  theory  gives  the  cost-savings  function  as 


♦ ^(0,0, . . . ,0)  - . . . ,rj^)  * 

minimum  {'1>*^(0)  - ,r»- , . . . ,r  ; p,  .x  , . . . .tt  ) } 

p>0  ^ ^ ^ ^ ^ 

> 0 


where 


I (J’l 


.r. 


.I*, 


M’ 


’’^1’’'2 


M 

T. 

m=l 


t 

n I' 
m m 


+ 


min  {c’^(x*^)  + f^(s*^)  + {x^.s^^.z^.z^. 


-4» 


M 

+ E 
m=l 


m m 


s.t.  0 x^ 

0 1 1 

0 ^ z*^ 

On  the  supply  side  of  the  economy  we  assume  for  simplicity  that  the 

reserves  of  each  depletable  resource  F , m*l,2,...,M  are  owned  and  con- 

m 

trolled  by  Individual  suppliers.  The  case  of  multiple  depletable  re- 
sources will  in  general  Involve  some  arbitrariness  on  the  economic 
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sector's  willingness  to  pay  the  individual  resource  owners.  However,  as 
we  shall  see  next,  in  the  situation  of  a collusive  agreement  between  the 
suppliers  of  the  multiple  depletable  resources  there  are  no  major  de- 
partures from  the  single  depletable  resource  case  in  Chapter  2. 

Suppose  the  depletable  resources'  suppliers  collude  to  decide  on  a 
12  T 

supply  schedule  over  a planning  horizon  T by  jointly  maxi- 

mizing the  present  value  of  profits  resulting  from  their  selling  deci- 
sions. They  jointly  solve  the  multiple  depletable  resources  suppliers' 
problem 


^T^1’^2’ 


T 

Z 


M 


• • **  max  E a {S  2’  * ’ * ^ 

t=l  m=l 


t-1 
” k=l 


k tv-. 

" ,r  )} 
m m 


+ o 


T T+1 

e 


T 

z 

t=l 


rl,R^ 


T 

Z 

f=l 


T 

E 

t=l 


s.t. 


T 

E 

t=l 


t 


r 


m 


< R 
— m 


m=l,2 M (3.31) 


t 

r 

m 


> 0 


t'“l,2,...,T  , m=l,2,...,M 


By  the  same  argument  of  Chapter  2,  we  define  the  multiple  depletable  re- 
sources suppliers'  joint  revenue  function  as 


B*^(j'l.r2***'***M^ 


♦^(0,0,. .. ,0)  - 
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and  establish  as  an  equiUbviivn  condition 


12  T 

"For  any  non-negative  resource  levels  i»  • .r 

m m m m 

*■  t 

m=l,2,...,M  satisfying  Z r < /?  , we  say  that  the 

m — m 

t=l 

multiple  depletable  resources  suppliers’  and  the 
sectoral  problems  are  in  equitibriim  if  these  re- 
source levels  permit  the  suppliers  to  maximize 
joint  profits;  namely 


^1 ’^2  * * * * o {4*  (0,0,.  ..,0)  — $ ,1^2 » • ‘ • 1 2^^)  ~ 


” t k t 

- z g_  ( 

m=l  “ k=i  " ® 


(3.32) 


T T T 

T T+1  t t ^ 

+ a 6 (flj^  - Z ^ ^ 

t=l  t=l  t-1 


An  iterative  scheme  essentially  similar  to  that  of  section  2. Ill  can  be 
devised  to  solve  for  equilibrium  as  defined  in  (3.32).  We  need  only  ob- 
serve that  at  each  iteration,  the  solution  to  the  multiple  depletable  re- 
sources suppliers'  problem  (3.31)  with  the  upper-bound  approximations 

substituting  for  3^,  will  result  in  M supply  schedules  (r^’”,r^’" 

m m 

T n 

r ’ ),  m=l,2,...,M.  The  sectoral  problem  reoptimization  at  each  Itera- 
in 

tlon  will  generate  for  each  period  t,  t»l,2,...,T  a vector  of  bid  prices 

(i’^ for  marginal  depletable  resource  units.  These  are  the 
X ^ H 
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shadow  prices  associated  with  constraints  (3.29a)  or  (3.30b). 

The  proofs  of  finite  and  infinite  convergence  to  equilibrium  (3.32) 
of  the  above  described  iterative  scheme,  associated  respectively  with 
multiple  depletable  resources  sectoral  problems  (3.29)  and  (3.30)  are 
equivalent  to  those  of  Theorems  2.1  and  2.2.  For  this  reason  we  state 
the  two  following  convergence  theorems  without  proof. 

Theorem  3.6;  (Finite  Convergence)  The  iterative  scheme,  described 
above  converges  to  an  equilibrium  solution  after  a finite  number  of 
iterations  between  the  multiple  depletable  resources  suppliers'  problem 
(3.31)  and  the  LP-sectoral  problems  (3.29). 

Theorem  3.7;  (Infinite  Convergence)  The  iterative  scheme  described 
above  converges  to  an  equilibrium  solution  between  the  multiple  deplet- 
able resources  suppliers'  problem  (3.31)  and  the  convex  sectoral  problems 

(3.30)  as  the  number  of  iterations  tends  to  infinity. 

Equilibrium  as  defined  in  (3.32)  can  be  identified  as  a solution  to  an 
underlying  optimization  problem  similar  to  (2.15)  and  (2.18)  in  the  cases 
of  LP-sectoral  problems  (3.29)  or  more  general  convex  sectoral  problems 

(3.30) ,  respectively.  Notice  that  the  multiple  depletable  resources 
suppliers'  problem  (3.31)  can  be  solved  at  each  iteration  by  a sequence 
of  backward  recursions.  This  is  because  it  can  be  formulated  as  a dynamic 
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programming  problem,  similar  to  (2.5),  but  in  the  M-dimensional  space 

In  the  case  the  suppliers  do  not  collude  there  is  no  unique  way, 
except  in  a special  case  to  be  described  next,  to  associate  the  revenue 
function  of  each  individual  depletable  resource  supplier  with  the  cost- 
savings  resulting  from  the  availability  of  each  individual  resource. 

This  fact  can  be  explained  by  the  joint  savings  in  the  sectoral  cost  of 
meeting  demand,  that  are  not  readily  attributed  to  any  individual  re- 
source. For  simplicity  we  shall  discuss  the  issue  in  the  framework  of 
an  economy  with  two  depletable  resources  and  linear  programming  sectoral 
problems  of  the  form 

= min  c^x*" 


s.t. 


t t ^ 
p^x 


t t < r., 

P2X  - 2 


A t ,t 

Ax  > a 


x > 0 


(3.33) 


We  shall  let  8^,  (f^^^.r^) , 1=1,2,  jj^i,  denote  the  revenue  of  the  1-th  de- 
pletable supplier  for  units  of  the  resource  when  is  the  amount 


supplied  of  the  J-th  depletable  resource. 
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The  special  case  mentioned  above  occurs  when  the  depletable  re- 
sources do  not  interact  either  directly  or  indirectly,  or  in  other  words, 
when  the  sectoral  problems  (3.33)  are  separable  in  and 


At,,  . . t t , t t 


t t 

s.t. 


t t ^ 

P2X2  1 ^2 


A,x^  > ^ 

j.  1 — 1 


. t jt 
A2X2  ^ 


0 < xj  , 0 < X2 


yielding  cost  functions  in  each  period  t,  ^ , that  are  additive 


For  all  purposes  this  economic  sector  can  be  regarded  as  a hybrid  of  two 
economic  subsectors  that  do  not  Interact.  Consequently,  the  individual 
supplier's  revenue  functions  can  be  defined  as 


160 


for  all  ^2^0 


= «>2^0)  - 


for  all  ^ 0 


In  the  case  of  additive  the  multiple  depletable  resource  equilibrium 
problem  falls  back  into  the  basic  model  described  in  Chapter  2.  Each  sub- 
sectoral  problem  and  the  corresponding  depletable  resource  supplier  can 
Iterate  to  reach  equilibrium  independently.  Example  3.1(i)  at  the  end 
of  this  section  illustrates  a case  of  a separable  cost  function. 

Ruling  out  the  exceptional  case  of  additivity  in  , we  will  assume 

that  each  depletable  resource  supplier  (i=l,2)  determines  his  supply  sche- 

1 2 T 1 2 T 

dule,  ...,  over  a planning  horizon  T when  , . . . , (j?^l) 

is  the  supply  schedule  of  the  alternative  resource  by  maximizing  the  pre- 
sent value  of  profits  at  these  levels  of  the  alternative  resource. 

The  i-th  depletable  resource  supplier's  problem  is  for  1=1,2  and  j^i 


max 


T 

Z 

t=l 


t-1 


- gj( 


t/„^  k t., 
r ,r  )} 

k=l  ^ ^ 


+ (i?.  - I rj)  (3.34) 

^ t=l  ^ t=l  ^ 


s.t. 
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t 

> 0 


t=l,2, . . . ,T 


Four  different  possibilities  for  defining  the  suppliers'  revenue  function, 

j' 


) (i=l,2,  j?^i).  will  be  examined.  These  are: 


Case  1: 


Case  2: 


Case  3: 


Case  A; 


^^2^1’^2^  = ’^'"(O.O)  - $‘'(0,r2) 


^^1^^1’^2^  = <*■’'(0,0)  - 


3ot 


♦ ‘'(0,0)  - ♦•'(0,r2) 


♦’'(0,r2)  - ♦‘'(r^.r^) 


(3.35a) 


(3.35b) 


(3.36a) 


(3.36b) 


(3.37a) 


(3.37b) 


(3.38a) 
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(3.38b) 


Following  this  discussion,  iterative  methods  to  reach  the  equit-ihrium 
condition 

12  T 

"For  any  non-negative  resource  r 

rp  X X X 

1 2 T t 

and  r„  ,r„ , . . . satisfying  Z r £ and 

Tf.  t=l 

Z r*  £ i?„  we  say  that  the  economic  sec- 

t=l  ^ 

tor  and  the  two  depletable  resources  suppliers 
arc  in  equilibrium  if  these  resource  levels  per- 
mit the  suppliers  to  maximize  their  profits; 
namely 


T t-1 

V (i?  ;r^,r2 rl)  = z - gj(  z r^^.rb)  + 

t=l  1 1 i 1 


T T+1  t ^ t 

a bJ  0?,  - Z r,,  /?  - z r!) 

t=l  t=l 


T t-1 

Vt(^2’^1’^1’ • • ' '’’l^  = E ^ ^2 ’^2^^ 

t=l  k=l 


T T+1  ^ t ^ t 

+ 0 62  ^i"  ^ ^1’ ^2  " ^ 

t**l  t«l 


(3.39) 


V- 
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will  be  explored  lor  each  of  the  above  four  cases.  The  properties  of  the 
above  defined  revenue  functions  (3.35),  (3.36),  (3.37)  and  (3.38)  are 
summarized  by 


Lemma  3.9:  The  revenue  functions  B^(j”^,r.)  (i=l,2,  iT^j)  as  defined  by 


(3.35),  (3.36),  (3.37)  and  (3.38)  are 
(i)  non-decreasing  in  r.  for  fixed  r 


j 


(li)  concave  in  for  fixed  r. 

i J 

(ili)  continuous  in  and 


Proof:  Follows  trivially  from  the  fact  that  is  assumed  non-increasing 
in  and  and  convex.  Furthermore  the  revenue  functions  will  be  con- 
tinuous if  is  continuous  in  r,  and  r. . I 1 

i J 

Lemma  3.10:  For  cost  functions  generated  by  the  LP-sectoral  problems 
(3.21),  the  revenue  functions  6^(r^,rj),  (i=l,2,  j?*l)  as  defined  by 
(3.35),  (3.36),  (3.37)  and  (3.38)  will  be  piecewise  linear  in  for  each 
f ixcd  . 

Proof:  This  is  a direct  consequence  of  the  piecewise  linearity  of  ij)*"  as 
stated  in  Lemma  3.7.11 

Case  1, (3.35),  is  one  in  which  the  economic  sector  is  willing  to 
pay  the  individual  suppliers  the  cost-savings  resulting  uniquely  from  the 
availability  of  each  individual  depletable  resource.  Any  joint  econo- 
mies that  may  result  from  the  simultaneous  availability  of  both  resources 
are  absorbed  by  the  economic  sector  and  are  not  paid  to  any  of  the  indi- 
vidual resources  suppliers. 
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Cases  2 and  3 would  result  from  arbitrary  priority  rules.  In  Case 
2,  (3.36),  the  supplier  of  the  first  depletable  resource  would  receive 
the  cost-savings  resulting  from  its  early  introduction,  and  the  supplier 
of  the  second  depletable  resource  the  remaining  cost-savings.  A symme- 
tric observation  is  valid  for  Case  3,  (3.37).  Notice  that  for  Cases  2 
and  3, 


^B^(rj^,r2)  + ^^2^^1’^2^  ^'*^(0,0)  - ^‘^(r^,!’^) 

or  in  other  words,  the  sectoral  expenditures  with  both  depletable  re- 
sources would  sura  the  sectoral  cost-savings. 

Case  4,  (3.38),  is  one  in  which  the  economic  sector  is  willing  to 
pay  each  of  the  individual  resources  suppliers,  the  cost-savings  intro- 
duced by  that  resource  over  and  above  the  availability  of  the  alterna- 
tive resource.  For  Cases  1 and  4 we  can  show 

Lemma  3.11:  If  4'*^(0,0)  - $*^(^^,0)  (^)  4>*^(0,r2)  - 4>*^(r^.r2)  then 


^^1^^1’^2^  + <*>*^(0,0)  - 4>*^(r^,r2) 

^6j(rj^,r2)  + ^62^r*j^,r2)  (^)  4'*^(0,0)  - $*^(rj^,r2)  . 
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Proof : By  observing  that 

= 2[$*'(0,0)  - 

and , that 

^ 4>‘'(0.0)  - $''(rj^.O)  - 1.^(0, r^)  = 

= '^‘'(0,0)  - 4'‘'(2*^.0)  - ^‘'(O.r^)  + + 

+ *^0,0)  - 

the  above  result  follows.  [ ] 

What  the  above  lemma  suggests  Is  that  under  Cases  1 and  4 It  Is 
possible  for  the  total  sectoral  expenditures  to  strictly  exceed  the  sec- 
total  cost-savings.  Of  course,  as  the  economic  sector  finds  out  that  in 
equilibrium  it  will  be  paying  more  than  what  the  resources  save  in  costs, 
the  sector  will  be  better  off  by  consuming  none  of  the  resources.  This 
would  work  as  an  incentive  for  the  suppliers  of  the  multiple  depletable 
resources  to  come  to  an  aggrement  and  jointly  solve  the  multiple  deple- 
table resources  suppliers'  problem  (3.31),  as  they  will  be  better  off. 
This  situation  is  more  clearly  seen  in  the  case  where  both  resources 
can  only  be  used  together,  that  we  will  explore  later  in  this  section. 
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Apparently  one  explanation  for  the  resulting  behavior  of  the  revenue 
At  At 

functions  6^^  and  relies  on  a typical  case  of  externalities  (see 
Mallnvaud  [ ]).  Each  resource  has  no  value  for  the  economic  sector  in 

the  absence  of  its  complement.  However,  the  presence  of  one  resource 
would  generate  an  intrinsic  value  for  its  complement  that  is  not  being 
accounted  for.  We  shall  now  examine  some  extreme  cases  to  Illustrate 
the  results  of  Lemma  3.11. 

We  will  say  that  the  depletable  resource  i (i=l,2)  is  a complement 
to  depletable  resource  j (ji^l)  if  for  every  activity  in  k in  (3.33)  for 
which  > 0 we  have  also  >0.  It  is  then  trivial  to  verify  that 
for  the  sectoral  problems  (3.33) 

(1*^.0)  = <t'*'(0,0) 

for  all  ^ 0.  The  impact  of  this  situation  for  the  revenue  functions 
(3.35),  (3..36),  (3.37)  and  (3.38)  is  readily  seen  if  we  suppose  resource 
1 is  a complement  to  resource  2.  We  will  then  have 

^6j(i’j^,3”2)  = 0 for  all  ^ 0 and  J’2  — ® 

2 t 

for  all  ^ 0 and  J'2  i ® 
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and  consequently  under  the  definitions  (3.38),  Case  4,  the  sectoral  ex- 
penditures with  both  depletable  resources  will  be  greater  than  or  equal 
to  its  cost-savings.  Example  3.1(ii)  illustrates  the  computation  of  'l>*' 
for  this  type  of  complementarity. 

We  say  that  the  resources  are  perfect  complements  if  resource  1 
is  a complement  to  resource  2 and  vice-versa,  in  which  case  we  will 
have 

for  f ^ 0 

4'*'(0,r2)  = **'(0,0)  for  1*2  ^ 0 

It  can  be  seen  that  in  this  situation 


^e^(rj^,r>2)  = 0 and  ® 

^®1^^1’^2^  = 0 and  ~ 


^^1^^1*^2^  = **^(0,0)  - 4>*^(rj^,r2)  and 


4„t 


= **^(0,0)  - ^^(.r^,r^)  and  ^62(rj^,r2)  = *^(0,0)  - *^(rj^,r2) 
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for  all  ^0  and  ^ 0.  Consequently  in  Case  4,  the  sectoral  expendi- 
tures with  both  depletable  resources  will  equal  twice  its  cost-savings, 
while  in  Case  1,  the  revenue  functions  are  identically  zero.  Example 
3,l(lii)  at  the  end  of  the  section  Illustrates  a case  of  perfect  comple- 
mentarity as  above  defined. 

We  say  that  the  resources  are  perfect  substitutes  if  there  is  no 

activity  in  (3.33)  that  utilizes  simultaneously  both  resources  and  if  foi 

every  activity  k such  that  P ^ 0 there  exists  another  activity  k*  with 

P a,  = a,  and  c,  . = c,.  Under  these  conditions  the  sec- 

2k*  Ik  k*  k k*  1 

toral  problem  (3.33)  can  be  rewritten  as 


.t,  V . tt.  tt.tt 

♦ (r  .r*  ) = min  c x + c,x.  + c,x„ 
i'/  oo  11  12 


s . t. 


t t 

Pl^l 


1^1 


t t 

KP1X2  ± ^2 


,t  t , .t  t ,t  t jt 

Ax  + A,x,  + A, x„  > a 
00  11  12  — 


(3.40) 


We  can  then  show 


A ^ t t t 

0 < x^  , x^  , X2 


t t ^2 

Lemma  3.12;  ^ ^ ^^1^ 
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t ^ t ^ y 

Proof:  Let  x ,x,  and  x-  be  optimal  for  (3.40)  then, 
o 1 ^ 


t - 1 . t ..  t^..  t 

X = X and  x,  = x,+x_ 
o o 112 


are  feasible  for 


t t 

•I*  ~ »0)  with  value  , yielding 


+ “IT  » 0)  1 


't  't 


t,..  . ^2 


Let  X ,x  be  optimal  for  ♦ (3',+  ~ , 0)  then 
O X 1 


t_-t  t 1 *t  , t 2 ‘t 

x =x  , X,  = X,  and  x_  = — — x, 

o o 1 ^ ^ *'^l’^^2  ^ 


t t 2 

are  feasible  for  $ with  value  0 + ~ , 0) 


Consequently 


t t ^2 

♦ (ri.r2)  1 0) 


which  completes  the  proof.  | | 

Lemma  3.13:  If  the  resources  are  perfect  substitutes  as  defined  above 
then 


4«t, 
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Proof:  Since  ♦ is  convex  and  non-increasing 

Z*  P 

$•"(0,0)  - **'(^•^,0)  1 0)  - 0) 

From  Lemma  3.12  we  have 

4’’^(0,0)  - 1 

and  from  Lemma  3.11  the  above  result  follows. I I 

Example  3.1(iv)  at  the  end  of  this  section  illustrates  a case  of  perfect 
substitute  resources. 

Apparently  no  a priori  conclusions  can  be  drawn  when  the  behavior 
of  the  depletable  resources  (complements  or  substitutes)  varies  from  one 
productive  activity  to  another.  For  an  economy  with  more  than  two  de- 
pletable resources  it  is  felt  that  the  newly  added  complexity  would  fur- 
ther complicate  the  above  analysis.  For  this  reason  it  will  not  be 
treated  here. 

For  Case  1,  (3.35),  an  Iterative  scheme  to  search  for  equilibrium 
(3.39)  between  the  sectoral  problems  (3.29)  or  (3.30)  and  the  depletable 
resources  suppliers'  problems  (3.34)  can  be  devised  as  an  immediate  ex- 
tension of  the  single  depletable  resource  iterative  scheme  in  Chapter  2. 
Since  the  revenue  function  and  ^6^  depend  on  and  P^ 

respectively,  the  sectoral  problem  can  Iterate  Independently  with  each 
depletable  resource  supplier's  problem  (3.31),  i=l,2,  in  the  absence  of 
the  other  depletable  resource,  = 0,  t“l,...,T,  j^i.  Convergence  to 
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equilibrium  (3.39)  under  the  definitions  of  Case  1 is  guaranteed  through 
Theorems  2.1  and  2.2  respectively. 

For  Cases  2 and  3 equilibrium  can  be  reached  by  a two-step  itera- 
tive scheme.  Due  to  symmetry  of  the  two  cases  we  need  examine  only 
Case  2.  During  the  first  step  the  sectoral  problems  iterate  with  the 
supplier  of  the  first  depletable  resource  at  = 0 for  t=l,...,T.  Once 
partial  equilibrium  between  the  sectoral  problems  and  the  supplier  of 
the  first  depletable  resource  is  reached,  the  Iterative  process  stops 
and  we  proceed  to  the  second  step.  During  the  second  step  the  sectoral 
problems  Iterate  with  the  second  depletable  resource  supplier's  problem 
(3.34),  at  a fixed  supply  schedule  r^,t-l, . . . ,T,  that  results  at  the 
end  of  the  first  s^ep. 

Notice  that  under  Cases  1,  2 and  3,  the  two  depletable  resources 
equilibrium  (3.39)  falls  back  into  two  single  depletable  resource  equili- 
bria, for  which  convergence  under  the  LP-sectoral  problems  and  the  more 
general  convex  program  lias  been  proved  in  Theorems  2.1  and  2.2  respec- 
tively. 

Case  4 Implies  a major  departure  from  the  single  depletable  re- 
source framework  as  the  interdependence  of  the  supplies  is  recognized 

by  the  economic  sector,  through  the  definitions  of  the  revenue  functions 
At  At 

and  (3.38).  The  existence  of  an  equilibrium  (3.39)  in  this 

case  can  be  shown  using  the  fixed  point  arguments  applied  to  the  case 

of  multiple  suppliers  of  a unique  depletable  resource,  described  in 

4 t 4 t 

section  3.V.  For  revenue  functions  3^  and  t“l,2,...,T,  that  are 

concave  in  and  r2  respectively  and  continuous  in  both  arguments. 


1 
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extraction  cost  functions  and  that  are  convex  and  continuous  in 

T+1  T+1 

both  arguments  and  salvage  functions  and  concave  in  and 

respectively  and  continuous  in  both  arguments,  the  existence  of  a 
Katukani  fixed  point  can  be  shown  as  in  Theorem  3.5  guaranteeing  the 
existence  of  equilibrium  (3.39). 

A doubly  iterative  scheme,  which  involves  the  sequential  repeti- 
tion of  the  iterative  scheme  for  the  single  depletable  resource  case, 
described  in  section  2. Ill,  between  the  sectoral  problems  and  each 
depletable  resource  supplier's  problem  (3.34)  is  suggested.  At  step  H 

the  first  depletable  resource  supplier's  problem  (3.34)  is  solved  at  a 

It  2 1 

fixed  supply  schedule  of  the  second  depletable  resource  (^2*  ’^’2'  »•*•* 

T 1 

^2*  Iterating  with  the  sectoral  problems.  Once  the  process  con- 

verges to  an  equilibrium  in  the  sence  of  Chapter  2,  it  will  result  in  a 

]_  I 2 i.  T I 

vector  of  non-negative  resource  levels  (r^^*  ,r^’  ) satisfying 

t a 

L r ’ ^ ■^•1  • With  the  first  depletable  resource  supply  schedule  fixed 

-t  J-  ^ 


at  those  levels,  the  second  depletable  resource  supplier's  problem  (3.34) 

is  solved  by  iterating  with  the  sectoral  problems.  This  will  result  in  a 

1,)!.+1  2,1+1  T 1+] 

vector  of  non-negative  resource  levels  , . . ,r’2  ) satisfying 

T 

t 1+1 

E r*  The  process  then  repeats.  This  is  depicted  in  Figure 

t=l  ^ ^ 

t 1 t 1 

3.9  While  the  sequence  of  vectors  (r^^*  ,i'2’  ) for  t“l,...,T,  will  have 
a convergent  subsequence  because  of  the  compactness  implied  by  the  re- 
serves constraints,  we  shall  not  pursue  here  to  prove  or  determine  condi- 
tions under  which  the  limit  of  the  subsequence  is  the  desired  fixed  point. 
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Example  3.1:  In  this  numerical  example  we  compute  the  cost  function 

'!>'■  by  solving  (3.33)  for  different  subsets  of  activities 
from  the  set  depicted  below.  Table  3.1  Illustrates  some 
of  the  results  of  this  section. 

Activities  1734567 

c 7222122 

Pj  0040240 

P 000  2 102 

2 


1)  Activities:  [1, 2,3,4] 

$(r  ,r  ) = min  2x  + 2x  + 2x  + 2x. 

X / 12  3 4 

S.t.  4x^  £ 

2*4  ^ ^"2 

Xj^  + ^ 6 

*2  ^ 2*^  ^ ^ 


0 £ Xj,X2,X^,X^ 
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20  - - r2 


0 1 < 12  , 0 £ ^2  5_  ^ 


lA  - r. 


$(rj^,r2)  = 


^ 12  , 0 £ r2  _<  A 


0 £ 12  , , r2  1 A 


J"!  1 12  , ^^2  - ^ 


This  is  a case  of  additive  4',  as  can  be  readily  verified, 


ii)  Activities:  [1>2,3,5] 


Ax_  + 2x-  < r 
3 5-1 


*5  1^2 


Xi  + 2x^  + ^ 6 


*2  ■*■  *5  1 ^ 


0 ^ Xj^jX2»X2»x^ 
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20  - f ri 


12 

6 


20  --f-  2r^ 


12  - 


0 1 £ 8 


8 < r < 12  ~ < r 


0 < < 12  , 


- 1 - 
12  1^1 


0 < 4 


8 < r < 12  , 4 < r, 

i •“  “-2 


14  - 2r^  >12  , ±t* 


^ 12  , ^2—^ 


In  this  case  resource  1 is  a complement  to  resource  2. 


iii)  Activities;  [1,2,5] 


* min  2y.^  + 2x2  ^ ^5 


s.t. 


2*5  i ri 


’■si  '2 


*1  i ^ 


Xj  + ^ 4 


2-2 


^l.-2 


¥ 
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0 £ x^.x^.x^ 


20  - 3r, 


12  - r. 


20  - V- 


-T 


0 i ^2  ^ 


^ 1 ^2  — ^ 


6 1 r2 


0 £ Tj^  £ 8 


8 ^ r^  < 12 


12  < 


*’2  - '2 


^2  -‘2 


This  is  a case  of  perfect,  cotcpleroentarlty  between  resources. 


Iv)  Activities:  [1,2, 6,7] 


♦ (r.r.)  • min  2x,  + 2x«  + 2x,  + 2x., 
12  12  0/ 


a.  t . 


4x, 


2*7  1 *'2 
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0 £ Xj^,X2,x^,x^ 


20  - 


12  - 


2 “ *^2 


12  - ^ 


0 < £ 8 , + 2v^  8 


, 8£rj^  + 2r^  ^ 12 


0 £ 8 , ■*'  ^^2  — 


1 1 12  , + 2r^  < 12 


1 < 12  , + 2r^  > 12 


^l  1 12 


This  example  is  one  for  whiqh  the  resources  are  perfect  substitutes, 
v)  Activities;  [1,2, 3, 4, 5] 

= min  2x^  + 2x2  ^ ^ ^^4  ^ ^5 

s.t.  4x2  2X2  ± 

+ ’'s  1 

Xi  + 2X2  ■'■’‘51^ 
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Chapter  4:  Stochastic  Considerations  on  the  Sectoral-Supplier  Equilibrium 

4.1.  Introduction 

This  chapter  reconsiders  the  basic  equilibrium  model  between  an  eco- 
nomic sector  as  the  sole  user  of  a depletable  resource  and  a unique  sup- 
plier of  this  resource  under  conditions  of  uncertainty.  As  mentioned  in 
section  I.I.,  there  are  several  sources  of  uncertainty  in  Intertemporal 
planning  with  non-augmcniable  resource  stocks.  In  terms  of  a one-sector- 
one-supplier  world,  the  uncertainties  directly  faced  by  one  economic  agent 
will  in  general  be  reflected  upon  the  decisions  of  the  other  economic 
agent.  Uncertainties  in  technology  and  in  the  demand  for  end-use  goods 
are  directly  faced  by  the  economic  sector  but  will  indirectly  affect  its 
willingness  to  pay  the  resource  supplier.  On  the  other  hand,  extraction 
and  reserves  uncertainty  are  directly  faced  by  the  supplier  but  will  in- 
directly affect  the  sector's  resource  availability  in  each  period  and  con- 
sequently its  cost  of  meeting  the  demand  for  end-use  goods. 

According  to  Tintner  [ 88]  there  are  two  extreme  behaviors  toward  un- 
certainty: active  (here-and-now)  or  passive  (wait-and-see).  The  analysis 
in  the  previous  chapters  is  modified  in  the  following  sections  to  deal 
with  some  types  of  uncertainties,  according  to  a prescribed  behavior  for 
the  two  actors  involved. 

4. II.  A Model  of  Probabilistic  Technological  Transition 

In  the  framework  of  Chapter  2,  where  a unique  supplier  and  unique  j 

I 


economic  sector  Iterate  to  contract  over  a planning  horizon  T a depletable 


182 


resource  supply  schedule,  the  uncertainty  in  the  revenue  received  by  the 
supplier  may  have  several  sources:  technology,  end-use  demands,  price  of 
alternative  primary  supplies,  only  to  cite  a few.  In  this  section  the 
analysis  in  Chapter  2 is  modified  to  take  into  account  the  uncertainty  in 
the  sectoral  technology.  By  uncertainty  in  technology,  we  understand  the 
uncertainty  associated  with  the  time  period  of  Implementation  of  new  sub- 
stitute technologies.  A formal  attempt  to  model  the  uncertainty  in  the 
timing  of  technical  change  in  the  context  of  optimal  economic  growth  is 
due  to  DasGupta  and  Heal  [ 14] . 

We  assume  that  a model  of  the  economic  sector  is  developed  to  calcu- 
late in  each  period  the  cost  functions 


minimum  cost  of  meeting  demand 
for  the  end-use  goods  under  tech- 
nology 1 in  period  t when  r is  the 
quantity  of  depletable  resource 
available  to  the  sector  in  period  t. 


(4.1) 


It  is  desirable  that  be  non-increasing  and  convex.  This  will  be  the 

case  if  is  computed  from  a linear  program  (2.10)  or  more  generally  a 

convex  program  (2.16)  sectoral  problem.  Further,  assuming  $^’^(0)  < + <», 
based  on  the  same  arguments  of  section  2. II,  associated  with  each  alterna- 
tive technology  we  may  define  the  revenue  functions: 

^^’•^(r)  H 4)^»*^(0)  - 't^’’^(r).  (4.2) 


If  the  date  of  the  Introduction  of  the  alternative  technologies  is  uncer- 
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tain,  the  revenue  of  a supplier  receiving  the  economic  sector’s  cost- 
savings  (4.1)  is  also  uncertain. 

For  expositional  simplicity  we  shall  concentrate  here,  without  loss 
of  generality,  on  the  case  of  two  alternative  technological  possibilities, 
i=l,2,  denoting  the  present  and  the  new  (future  or  long-run)  technologies 
respectively.  Ve  assume  that  the  transition  to  the  future  technology  is 
an  irreversible  process  and  tliat  it  occurs  at  the  beginning  of  time  period 
t,  not  known  with  certainty  but  having  a probability  mass  function  . 

We  let  p^,  t=2,3,....,  denote  the  probability  that  the  transition  to 
the  new  technology  occurs  by  the  start  of  period  t. 

We  further  assume  that  the  depletable  resource  supplier  decides  on  a 
supply  schedule  by  maximizing  the  expected  present  value  of  profits.  The 
supplier's  problem  under  sectoral  technological  uncertainty  is  more  clear- 
ly pictured  in  terms  of  a dynamic  programming  formulation. 

For  this  purpose,  we  define,  for  0 i S i R,  the  functions: 

V,J,’^(S)  “ maximum  expected  present  value  of 
profits  resulting  from  selling  de- 
cisions from  period  t through  T, 

when  S Is  the  stock  of  depletable  (4.3) 

resource  and  the  new  technology  has 
not  been  implemented  by  the  start 
of  period  t. 

2 t 

V^’  (S)  “ maximum  present  value  of  profits  re- 
sulting from  selling  decisions  from 


period  t through  T after  transition 


(4.4) 
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to  the  new  technology,  and  S is 
the  stock  of  depletable  resource 
by  the  start  of  period  t. 


The  difference  in  definitions  (4.3)  and  (4.4)  stem  from  the  fact  that 
once  the  new  technology  (i=2)  is  introduced,  all  uncertainty  is  resolved, 
as  it  cannot  be  superceded.  This  observation  is  still  valid  for  a long- 
run  technology  in  the  case  of  a longer  sequence  of  successive  sul)stitute. 
technologies. 

The  functions  V.^,’  and  V^’  satisfy  the  recursions 


V.i’*’(S)  - maximum 
0<r<S 


6*’‘'(r)  - g*^(R  - S,r)  + 


•-(1 


- I 

i-2 


t+1 


(S  - r)  + <1 


t+1 


Ll-  I 

1=2 


I "r’ 


t+1 


(S  - r) 


(S)  = maximum  {6^’^ 
OsrsS 


t=T,T-l,...,l 

(r)  - g*^(R  - S,r)  + 
t=T,T-l,...,l 


(S  - r)} 


(4.5) 


(4.6) 


where 


V^’'^'''\s)  = 6^’^'^'(S)  i“l,2,  for  all  S. 


The  supplier's  problem  under  sectoral  technological  uncertainty  is  solved 
by  computing 

V.j,’^(R).  ' (4.7) 
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From  (4.5)  the  functions  V^,’^  are  calculated  recursively  from  a weighted 
average  of  and  The  weights  are  the  conditional  probabili- 

ties of  transition  to  the  future  technology  (i=2)  by  the  start  of  period 

t+1,  given  that  it  has  not  been  implemented  by  start  of  period  t. 

It  2 t 

If  the  revenue  functions  8 ’ and  B ’ are  concave,  the  extraction 

cost  function  g^  is  convex  and  the  salvage  functions  are  concave,  it  can 

1 2 

be  shown  recursively  as  in  Lemma  2,3  that  the  functions  V ’ and  V ’ 
are  concave.  Hence  the  computation  of  (4.5)  and  (4.6)  involves  the  maxi- 
mization of  a concave  objective.  Furthermore,  for  piecewise  linear  ex- 
traction cost  functions  g^,  salvage  functions  and  revenue  functions  B^’*” 
and  B ’ which  will  result  cither  from  the  LP-scctoral  problems  (2.10)  or 

as  grid  linear L..ations  of  convex  sectoral  problems  (2.16),  the  functions 
It  2 t 

V ’ and  V ’ in  (4.5)  and  (4.6)  can  be  generated  by  two  equivalent  linear 
programs  similar  to  (2.24). 

llie  supplier's  problem  under  sectoral  technological  uncertainty  (4.7) 

will  result  in  at  most  T-1  distinct  supply  schedules  contingent  upon  the 

time  period  of  introduction  of  the  new  technology.  It  can  be  solved 

iteratively  by  introducing  simultaneously  in  each  period  two  upper-bound 

It  2 t 

approximations  (2.13)  or  (2.17)  to  the  revenue  functions  B ’ and  6 ’ • 

At  each  iteration  the  supplier's  problem  under  sectoral  technological  un- 
certainty can  be  solved  using  those  approximations  yielding  at  most  T-1 
distinct  supply  schedules.  Tliese  are  sent  to  the  respective  sectoral  pro- 
blems in  each  period  to  be  priced  out.  Either  a solution  to  (4.7)  with 

(4.2)  is  found  or  a tighter  approximation  is  obtained  to  at  least  one  of 
It  2 t 

3 * or  3 * in  some  period  t.  Figure  4.1  depicts  the  modified  iterative 
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process . 

Technology  1 

Sectoral 

Problems 

Technology  2 

Sectoral 

Problems 


Figure  4.1 

We  shall  now  treat  a special  case  which  results  when  we  consider  a 
long-run  technology  for  which 

$^’^(0)  ♦^’^(r)  for  all  r i 0. 

In  other  words,  under  the  new  technology,  the  deplctable  resource  is  no 
longer  a source  of  cost-savings  for  the.  economic  sector.  The  rationale 
for  this  situation  would  be  the  discovery  of  a costless  resource  substi- 
tute. As  a result  of  definition  (4.2),  the  supplier's  revenue  under  the 
sectoral  future  technology  vanishes , giving 


8^’*^(r)  - 0 

for  all  r k 0 

and  t“2, 3, . . . ,T. 

Consequently, 

= 0 

for  all  0 < S < R 

and  t=2.3,...,T. 
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The  recursion  (4.5)  then  simplifies  to 


vi,’*^(S)  = maximum  - g*^(R  - S,r)  + 

0;Sr<S  I 


1 - 


t+i 


1 - I PiJ 

i=l 


- r) 


which  are  analogous  to  the  recursions  (2.5)  for  the  supplier's  problem 
(2.1)  if  we  consider 


a(t)  = a 


1 - 


1 - I 


U-2 


< a 


t=l,2. 


.T 


as  an  effective  discount  factor  smaller  than  the  riskless  discount  factor 
a and  possibly  non-uniform  because  of  time-dependence.  IJhen  the  transi- 
tion probabilities  follow  a geometric  distribution  with: 

= 6*'"2(1  - 6)  t=2,3 

with  0 < 1,  we  have  for  the  effective  discount  factor 

a(t)  = o0  t=l,2, . . . ,T. 

Similar  conclusions  were  derived  by  Heal  [38]  considering  uncertain  plan- 
ning horizons.  The  observation  that  an  uncertain  transition  to  a long-run 
technology  that  makes  depletable  resource  worthless  for  the  economic  sec- 
tor is  in  effect  creating  an  uncertain  relevant  planning  horizon  for  sup- 
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ply  decisions,  relates  the  two  apparently  distinct  situations. 

This  model  of  probabilistic  technological  transition  could  be  exten- 
ded in  a number  of  ways.  Only  a slight  modification  of  the  dynamic  pro- 
gramming recursions  would  be  needed  to  cover  the  situation  in  v;hich  the 
probability  distribution  of  the  time  period  of  technological  transition 
depends  on  the  stock  level  of  the  dcpletable  resource  reserves,  the  state 
variable  S.  This  would  require  simply  introducing  probabilities  func- 
tionally dependent  on  resource  stocks 

p^(S)  t=2,3,...,T 

in  (4.5).  Functional  forms  for  could  be  possibly  derived  from  an  R&D 
model.  A step  in  this  dircctioi\  is  the  consideration  of  research  and 
development  in  the  context  of  resource-constrained  optimal  economic  growth 
by  iJasGupta  et  al.  [15].  The  question  of  modelling  diffusion  in  techno- 
logical transition  versus  the  jump  process,  considered  here,  also  suggests 
a potential  extension  of  the  above  formulation. 

4. III.  Uncertainty  in  End-Use  Demands 

So  far  we  have  assumed  that  the  economic  sector's  cost  function  (l>^  is 
calculated  under  deterministic  conditions.  In  other  words,  all  parameters 
involved  in  its  computation  are  supposedly  known  with  certainty  over  the 
entire  supplier's  planning  horizon.  The  perfect  foresight  assumption  is 
more  likely  to  be  violated  the  longer  the  supplier's  planning  horizon.  In 
this  section  we  analyze  alternative  specifications  for  the  supplier's  re- 
venue functions,  taking  into  account  the  uncertainty  in  the  demand  for  the 
sector's  end-use  goods. 
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The  situation  of  uncertain  demands  departs  from  the  original  scheme 
because  for  random  demands,  constraints  (2,10a)  and  (2.16b)  In  the  sec- 
toral problems  are  non-operatlonal . We  assume  that  the  economic  sector 
must  contract  over  a planning  horizon  T with  the  supplier  a depletable 
resource  schedule  r ,r  ,...,r  heve  and  now.  The  supplier  is  not  willing 
to  let  the  sector  wait  and  see  the  uncertainty  in  demand  resolve  to  deter- 
mine his  revenue.  This  is  the  framework  of  long-term  contracting  with  no 
recontracting  clauses.  For  this  reason  the  sector  needs  to  determine  the 
level  of  its  operations  through  a two-stage  scheme.  A first-stage  would 
determine  the  level  of  operation  of  all  activities  involving  a positive 
depletable  resource  usage,  A second-stage  would  then  establish  decision 
rules  contingent  upon  the  first-stage  decision,  indicating  the  level  of 
operations  of  activities  that  do  not  utilize  any  of  the  depletable  resource 
for  each  and  every  possible  outcome  of  demand.  The  first  development  of 
this  scheme  is  Dantzig's  [13]  two-stage  linear  model.  We  assume  that  a 
two-stage  model  of  the  economic  sector  is  developed  to  compute  in  each 
period 

T^(r)  = minimum  expected  here  and  now 
cost  of  meeting  the  demand  for 
end-use  goods  in  period  t when 
r is  quantity  of  the  depletable 
resource  available  to  the  sector 
in  period  t . 

It  is  desirable  as  before  that  T*"  be  non-decreasing  and  concave.  We  fur- 
ther require  it  satisfy  T^(0)  < + w. 
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For  convenience  we  concentrate  here  on  two-stage  linear  programming 
sectoral  problems  and  discrete  distributions  for  the  end-use  demands.  The 
same  two-stage  approach  could  be  carried  for  nonlinear  models  and  con- 
tinuous random  variables  as  shown  by  Ziemba  [96].  For  continuous  random 
demands,  the  two-stage  linear  model  proposed  below  will  fall  into  the 
category  of  continuous  linear  programming  problems  (see  Grinold  [33], [34]. 
We  consider  a finite  number  of  possible  values  for  tlie  end-use 

demands  in  period  t.  Denote  these  occurrences  by  and  the  associated 
t t 

probabilities  by  , q=l,2,...,!^  . Partition  the  vector  of  resource 
utilization  such  that 


and  let 


P = [P^,0]  with  p^  > 0 


x'  = [xj,x^],  Aj  = [Ajj.A^^],  A^  = tA2j,A22]  and  c 
correspondingly . 

The  two-stagc-LP-seatoral  problem  is  given  by 


T^'Cr) 


min  c\x\  + f'^sj  + Pqtc2X2^  + 


- t t 

S.t.  PjXj 


< r 


-s;<o 


xt  t 
21  1 


= Z 


(first-stage) 


0 s x* 


0 i Sj  i 


0 i z*^  i d*^ 


(4.8a) 

(4.8b) 

(4.8c) 

(4.8d) 


(4.8e) 
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(4.8f) 

(second-stage)  (4.8g) 

(4.8h) 

where  stands  for  the  demands  met  by  first-stage  variables  restricted 
by  (4.8e)  to  a lower  bound  d^  on  the  possible  occurrences  of  the  end-use 
demands  (d^<  d^,  q=l,2, . . . ,Q*')  . 

The  results  of  Lemma  2.1  are  valid  for  the  linear  program  (A. 8).  For 
this  reason  we  state  without  proof 


t t 

12  2q 

t 

"2q" 

0 

9*1,2 

t t 

L X 

> 

9*1,2 

22  2q 

9 

> < 

0 < 

t ^ t 

s_  < s - s 

q*l,2 

2q 

29  - 1 

Lemma  4.1;  given  by  (4.8)  is 

(i)  non-decreasing  and  convex; 

(ii)  piecewise  linear  v.’ith  a finite  number 
of  segments. 

For  comparative  purposes,  we  let  for  q=l,2 Q*" 

V . t t . -t  t 

t (r)  = min  c x + f g 
9 9 9 


t t 
^ "9 

< r 

(4.9a) 

1 9 

- < 0 

(4.9b) 

At  t 

A„x 

2 9 

(4.9c) 

t 

X 

9 

0 i S^  i 8^ 

9 

(4.9d) 

denote  the  sector's  cost  of  meeting  demand  when  r units  of  the  depletable 
resource  are  available  for  every  possible  occurrence  of  the  end-use 
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demands  If  the  economic  sector  could  wait  and  see,  its  expected  cost 

of  meeting  demand  would  be  given  by 


I 

q=l  ^ ^ 


We  can  show  then: 


Lemma  4.2: 


T*^(0) 


- l\. 


q q 


T'^Cr)  > I pV(r) 


for  all  r > 0. 


Proof:  By  letting  r=0  in  the  Lwo-stage-LP-sectoral  problem  (4.8),  we  can 
show  by  (4.8a)  that  Xj  = 0.  Consequently,  = 0 and  Z*"  = 0.  'nierefore 
only  the  second- stage  remains  and  problem  (4.8)  i.s  separable  into  pro- 
blems (4.9),  determining  *^(0),  t=l,2,...,T.  Hence 

„t 


T*'(0) 


For  r > 0,  consider  the  problem 


f p^$*'(r)  = min  ^ p^[c^x^  + f^s^ 

i,  9 9^  ^q^  q q 


Pq^qW- 


(4.10) 


s.t.  (4.9a),  (4.9b),  (4.9c)  and  (4.9d)  q=l,2, . . . .Q*" 


It  is  trivial  to  observe  that  (4.8)  is  a more  constrained  version  of 
(4.10),  namely  requiring  that 
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t t 

X,  » X, 

iq  1 


q=l,2,..,,Q" 


and  including  (4.8c).  From  this  observation  we  conclude  that 


T’^(r)  > ? 


q--=l 


q q 


which  completes  the  proof. | | 


The  difference 

T^'Cr)  - I 

q=l  ^ ^ 

may  be  called  the  cost  of  uncertainty  in  period  t.  This  quantity  repre- 
sents the  maximum  amount  the  economic  sector  would  be  willing  to  pay  for 
a perfect  prediction  of  the  end-use  demands,  in  period  t,  when  r units  of 
the  depletable  resource  are  available. 

If  we  furtlier  assume  that  the  economic  sector  is  v;illing  to  pay  here 
and  now  for  r units  of  the  resource  at  most  its  expected  here-and-now 
cost-savings,  T^(0)  - T^(r),  and  define  the  supplier's  revenue  function  as 

a^Cr)  = t’^CO)  - T^'Cr),  (4.11) 

we  have  by  Lemina  4.2  ^ 

B*^(r)  < I p^['I>^(0)  - 4>^(r)]  for  r i 0. 

q-l  ^ ^ ^ 

Hence  the  cost  of  uncertainty  is  being  passed  to  the  supplier  as  a penalty 
for  his  impatience  in  terms  of  a smaller  revenue  function.  Had  the  sup- 
plier the  patience  to  let  the  economic  sector  wait  and  see,  he  could  re- 
ceive *^(0)  - ♦^(r)  with  probability  p^,  q=l,2, . . . ,Q^. 

q q q 

An  equilibrium  in  terms  of  (4.11)  could  be  defined  similarly  to  (2.9). 
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It  would  be  reached  through  the  iterative  approach  described  in  section 
2.III.1.  The  sectoral  problems  (4.8),  due  to  the  large  number  of  con- 
straints associated  with  the  number  of  possible  occurrences  of  demand, 
could  be  solved  at  each  Iteration  by  column  generation  schemes  as  des- 
cribed in  Geoffrion  [27]. 

There  are  alternative  approaches  to  two-stage  models  to  deal  with 
stochastic  parameters.  Alternative  sector's  strategies  would  give  alter- 
native specifications  for  the  sectoral  problems  that  would  eventually  lead 
to  alternative  cost-savings  functions.  The  economic  sector  could  instead 
determine  a cost  of  meeting  demand  under  the  most  stringent  conditions,  in 
this  case,  by  solving  (4.9)  only  for  the  smallest  possible  occurrence  of 
demand.  Still  the  economic  sector  could  solve  the  deterministic  LP-sec- 
toral  problems  (2.10)  using  for  the  demand  that  must  be  satisfied  the  ex- 


pected demands 


Q*" 


q=l 


q q 


The  relationship  among  these  alternative  strate- 


gies as  well  as  further  suggestions  are  found  in  Wagner  [ 89l • 


4. IV.  Uncertainty  in  Reserves  and  Markovian  Decision  Theory 

In  this  section  we  examine  the  case  of  a stochastic  supplier's  pro- 
blem falling  into  an  important  class  of  stochastic  dynamic  programming 
problems  called  Markovian  decision  models  (see  Howard  [45];  Shaniro  [78]). 
In  Markovian  decision  models,  at  the  start  of  each  decision  period,  the 
state  of  the  process  is  observed  and  as  a result  a decision  is  selected 
from  a non-empty  decision  set  with  the  objective  to  maximize  total  expec- 
ted discounted  profits  over  a finite  or  infinite  planning  horizon. 

Ve  assume  here  that  the  stock  of  depletable  resource  held  by  the 
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supplier  R is  uncertain,  having  a known  probability  distribution  function 
f This  assumption  makes  the  supplier's  problem  (2.1)  non-operational  as 

the  reserves  constraint  is  not  well  defined.  Here-and-now  approaches  to 
solve  the  resulting  stochastic  supplier's  problem  are  manifold.  However 
these  would  in  general  involve  the  choice  of  arbitrary  loss  functions  and 
allowable  probability  levels  of  default  for  chance  constraints  (see 

\ 

Sengupta  [76]).  For  this  reason  we  concentrate  our  modelling  effort  in 
the  case  of  reserves  uncertainty  on  the  wait-and-see  approach  of  Markovian 
‘ Decision  Theory. 

By  the  start  of  each  decision  period  the  remaining  stock  of  the  de- 
pletable  resource,  S,  is  non-observable  and  therefore  does  not  qualify  to 
. define  the  state  space  for  the  ^fa^kovian  decision  supplier's  problem. 

This  is,  in  contrast  with  the  deterministic  supplier's  problem,  dynamic 
programming  recursions  (2.4)  in  section  2. II.  For  the  supplier  of  a de- 
pletable  resource  we  define  the  state  space 

H •=  E U{*} 

where  E denotes  the  space  of  non-depleted  states  of  the  cumulative  amount 
extracted  and  {*}  the  state  of  final  exhaustion.  The  state  of  final  ex- 
haustion is  a random  absorption  state,  that  when  reached,  the  decision 
process  is  terminated. 

As  a result  of  extraction  uncertainty,  the  amount  of  resource  sold  in 
each  decision  period  is  uncertain.  At  the  start  of  each  decision  period 
the  supplier  after  observing  the  state  E e H decides  on  a target  extrao- 
/'  tion^  r,  from  the  action  space  P(E).  Given  this  extraction  decision,  the 

I 
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amount  actually  realized  may  deviate  from  the  target  extraction  decision. 
We  let  fL  denote  the  actual  extraction  or  the  amount  actually  obtained  and 
sold  by  the  supplier  de  facto.  Consequently  the  immediate  profits 

realized  by  the  resource  owner  in  each  period  are  random,  given  by 

}. 

n’^CE./l.r)  = - g’^CE.^.r). 

Dependence  of  profits  on  both  the  target  and  the  realization  of  the  ex- 
traction decision  are  granted  by  allowing  extraction  costs  to  depend  on 
both  variables.  This  would  be  the  case  when  extraction  costs  include  both 
setup  and  variable  costs  components. 

The  system  then  makes  a transition  to  a new  state,  Y e 5.  The  sup- 
plier at  the  start  of  the  next  decision  period  will  either  observe  that 
reserves  have  been  exhausted,  in  which  case 

Y = ♦ 

or  else  the  new  state  belongs  to  the  space  E,  and 

Y = E + /I. 

Probability  distributions  for  -'t  and  Y can  be  determined  for  each  decision 
period  from  subjective  probability  distributions  for  the  remaining  stock 
of  the  depletable  resource  and  for  the  actual  extraction  given  an  extrac- 
tion decision,  conditional  on  the  remaining  resource  stock. 

Let  Fg(S;E)  for  E e E denote  the  supplier's  subjective  probability 
distribution  function  for  the  resource  stock  of  the  depletable  resource 
when  E units  have  already  been  extracted  satisfying 


Fj^(R)  = Fg(R;0). 
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Let  F^jg(^|S;r)  denote  the  supplier's  subjective  probability 
distribution  function  for  the  actual  amount  extracted  conditional  on  the 
remaining  stock  of  the  depletable  resource  when  the  target  extraction  de- 
cision is  r.  When  extraction  uncertainty  is  uniquely  attributed  to  un- 
certainty in  the  remaining  stock  of  the  depletable  resource 


fL  = minimum  {r,S} 


and  F. I „ takes  the  form 
a|  S 


I 0 for  fL  < V 

h for  /I  > r 

I 0 for  fL  < S 

I 1 for  /I  > S 


if  S > r 


if  S < r 


From  the  above  definition  a joint  probability  distribution  function  for  X 
and  S,F  and  a marginal  probability  distribution  function  for  -'l.F  , can 

/Ly  D /t 

be  derived  by 

dF^^s(^«S;E,r)  = dF^|g(/l|S;r)dFg(S;E) 

and 

dF^(-t;E,r)  = / dF^  g(^,S;E,r). 

S 

In  order  to  derive  the  probability  distribution  of  the  new  state  Y we 
need  observe  that  the  probability  of  exhausting  the  resource  stock  when 
the  state  is  E and  the  target  is  r is  given  by 

Prob  {Y  - •;E,r}  « / Prob  U " S;r}  dF-(S;E)  (4.12) 

S ^ 

Prob  U = S;r}  « 


where 
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which  vanishes  if  F^jg  Is  continuous  at  ■'I  = S.  A probability  distribution 
function  for  Y e H,  is  then  given  by  (4.12)  and  for  Y e F by 

A=Y-E 

dF(Y;E.r)=^/  dF(A;E,r). 

For  E e E define  the  functions: 


V^(E)  = maximum  expected  present  value  of  pro- 
fits from  selling  decisions  from  period 
t through  T when  E units  of  the  resource 
have  been  extracted  by  the  start  of 
period  t. 


The  functions  V satisfy  the  recursions 


with 


and 


where 


v]^(E)  = maximum  {n^(E,r)  + a / (Y)dF^(Y;  E,r) } 

^ ^9  mm  L 1 


rcP(E)  YeH 

t=T,T-l, ... ,1 


Vj(»)  = 0 


t®l,2,...,T, 


vJ‘*'*(E)  - / e'’^'^^S)dF  (S;E) 


ii*=(E,r)  - / n*=(E,/t,r)dF^(A;E,r), 


(4.13) 


The  finite-horizon  M<xrkovian  decision  supplier's  problem  is  solved  by  com- 
puting 

v5,(o) . 


(4.14) 
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For  a supplier  receiving  as  revenue  the  economic  sector's  savings  in 

costs 

h **^(0)  - (4.15) 

the  recursions  (4.13)  can  be  rewritten  as: 

V^(E)  = maximum  { / [♦^(O)  - - g^(E,A.,r)]dF  (>t;E,r)  + 

^ reP(E)  ^ 

ct  / V^^^Y)dF  (Y;E,r)} 

YeE  ^ 

with  being  derived  from  a sectoral  problem,  possibly  (2.10)  or  (2.16). 
Hence  the  functions  V^(E)  are  of  the  form 

V^(E)  = maximum  (^{[...minimum...]}  (4.16) 

rcl?(E)  x,s 

where  (^denotes  the  expectatlonal  operator.  This  formulation  assumes  a 
passive  or  wait-and-see  behavior  of  the  economic  sector  with  respect  to 
the  depletablu  resource  supply.  Namely  the  sector  will  only  set  the  level 
of  operations  of  its  activities  and  the  purchase  of  alternative  primary 
supplies  after  the  occurrence  fL  of  the  target  extraction  decision  r is 
observed. 

For  convenience  in  the  discussion  below  we  will  assume  that  the  pos- 
sible outcomes  of  the  extraction  decisions  are  bounded  from  above  and  be- 
low. We  let  A(E,r)  and  ^(E,r)  denote  respectively  lower  and  upper-bounds 
on  the  actual  extraction  when  the  state  of  cumulative  extraction  is  E and 
the  target  extraction  is  set  at  r.  Assuming  that  an  optimal  solution  to 
(4.13)  exists  and  denoting  it  by  r*'(E),  t“l,2, . . . ,T,  we  notice  that  if  an 
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approximation  to  the  revenue  functions  (4.15),  Is  being  used  Instead, 
then 

V*^(E)  = V*^(E) 

If 


6*^ (A.)  = $*^(0)  - for  all  ^(E,r)  5 A.  < ji(E,r). 


Hence  we  may  solve  the  Markovian  decision  supplier’s  problem  (4.14)  by 
using  upper-bound  approximations  for  the  revenue  functions.'  These  can  be 
sequentially  improved  by  the  addition  of  new  linear  segments. 

An  iterative  process  can  be  carried  analogously  to  section  2. III.  At 
iteration  n the  Markovian  decision  supplier’s  problem  can  be  solved  using 
those  approximations.  It  will  result  in  a first  period  decision  r\  and  a 
sequence  of  decision  rules  r^(E)  for  t==2,...,T.  Ex-ante,  r*",  t=2,...,T  is 
not  known  because  the  state  of  cumulative  extraction  E at  the  start  of 
each  period  t is  random.  However  since 
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and  Then  eitht  • 

for  i ft  i in  which  case  a solution  to  (4.14)  has  been  found  or 

> **^(0)  - 

for  some  ^ A.  s and  some  t>»l,2, . . . ,T.  In  the  latter  case  a new 

linear  segment 

is  added  to  the  approximations.  The  Markovian  decision  supplier's  pro- 
blem (4.14)  is  then  reoptimized  using  the  resulting  new  approximation 
~t,n+l^  Figure  4.2  below  depicts  the  generation  of  the  linear  segments  in 
the  interval  [A, A] . 


I ' 

• ' ! 

A r A r 

Figure  4 . 2 

We  present  here  an  illustrative  application  of  the  Markovian  decision 
supplier's  problem  in  discrete  action  and  state  spaces.  The  supplier's 
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revenue  functions  are  piecewise  linear,  concave  and  non-decreasing  as 
generated  by  the  LP-sectoral  problems  (2.10). 

Example  4.1.  In  each  period  the  target  extraction  r is  selected  from  the 
discrete  decision  set 

V(E)  = {0,1, 2, 3} 

for  all  E e 5.  From  the  probability  distributions  of  the  stock  left, 
p(S;E),  and  the  conditional  probability  distribution  for  the  actual  amount 
extracted,  p(-'L|S;r)  as  given  in  Tbls.  4.1  and  4.2  respectively,  it  is  tri- 
vial to  verify  that  the  state  space  is 

5 = {0,1, 2, 3, 4, 5,*}. 

The  probability  distribution  in  Table  4.1  is  the  simplest  form  of  an 
adaptive  distribution  for  stocks  left.  It  is,  in  fact,  the  distribution 
for  reserves  R at  the  start  of  the  planning  horizon  (E  = 0)  conditional  on 
the  event  R - E > 0.  Notice  that  p(E;E)  = 0 for  all  E e E,  ruling  out 
the  possibility  that  the  supplier  is  in  the  depletion  state  * without 
knowledge  of  it.  From  Table  4.2  we  notice  that,  had  there  been  enough 
reserves  of  the  resource  left,  the  actual  amount  extracted  would  be  the 
result  of  a 50-50  chance  Bernouilli  trial  at  A = r-1  and  /t  * r.  Otherwise 
the  amount  of  resource  left  limits  the  maximum  amount  that  can  be  realized 
from  a decision  to  extract  r units.  The  probability  distributions  for  the 
actual  supply,  p(A.;E,r)  and  for  the  resulting  next  state,  p(Y;E,r)  are 
derived  as  depicted  in  Tables  4,3  and  4,4  respectively. 

We  further  consider  in  this  numerical  example  the  supplie  's  planning 


203 


Table  4.1. 

eV 

Probability  Distribution  of  Resource  Reserves 

3-E  4-E  5-E 

- P(S;E) 

6-E 

[0.3) 

1/4 

1/4 

1/4 

1/4 

[3.4) 

0 

1/3 

1/3 

1/3 

[4.5) 

0 

0 

1/2 

1/2 

[5.6) 

0 

0 

0 

1 

Table  4.2.  Conditional  Probability  Distribution  of  the  Actual 
Supply  - p(AlS;r) 


■s\^ 

r-1 

r 

S 

[O.r-D 

0 

0 

1 

[r-l,r) 

1/2 

0 

1/2 

[r,6) 

1/2 

1/2 

0 
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Table  4.3.  Probability  Distribution  of  Actual  Extraction  - p(A.;E,r) 
p(A;E,0)  p(/l;E,l) 


E\^ 

0 

1 

2 

3 

E\^ 

0 

1 

2 

3 

0 

1 

0 

0 

0 

0 

1/2 

1/2 

0 

0 

1 

1 

0 

0 

0 

1 

1/2 

1/2 

0 

0 

2 

1 

0 

0 

0 

2 

1/2 

1/2 

0 

0 

3 

1 

0 

0 

0 

3 

1/2 

1/2 

. 0 

0 

4 

1 

0 

0 

0 

4 

1/2 

1/2 

0 

0 

5 

1 

0 

0 

0 

5 

1/2 

1/2 

0 

0 

« 

1 

0 

0 

0 

« 

1 

0 

0 

0 

P(A;E,2) 

P(A;E,3) 

E\^ 

0 

1 

2 

3 

e\^ 

0 

1 

2 

3 

0 

0 

1/2 

1/2 

0 

0 

0 

0 

1/2 

1/2 

1 

0 

1/2 

1/2 

0 

1 

0 

0 

5/8 

3/8 

2 

0 

5/8 

3/8 

0 

2 

0 

2/8 

4/8 

2/8 

3 

0 

2/3 

1/3 

0 

3 

0 

2/6 

3/6 

1/6 

4 

0 

3/4 

1/4 

0 

4 

0 

2/4 

2/4 

0 

5 

0 

1 

0 

0 

5 

0 

1 

0 

0 

« 

1 

0 

0 

0 

« 

1 

0 

0 

0 
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Table  4.4.  Probability  Distribution  of  Next  State  - p(Y;E,r) 
p(Y;E,0)  p(Y;E,l) 


E\^ 

0 

1 

2 

3 

4 

5 

« 

e\^ 

0 

1 

2 

3 

4 

5 

• 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1/2  1/2 

0 

0 

0 

0 

0 

1 

0 

1 

0 

0 

0 

0 

0 

1 

0 

1/2 

1/2 

0 

0 

0 

0 

2 

0 

0 

1 

0 

0 

0 

0 

2 

0 

0 

1/2  3/8 

0 

0 

1/8 

3 

0 

0 

0 

1 

0 

0 

0 

3 

0 

0 

0 

1/2  .2/6 

0 

1/6 

4 

0 

0 

0 

0 

1 

0 

0 

4 

0 

0 

0 

0 

1/2 

1/4 

1/4 

5 

0 

0 

0 

0 

0 

1 

0 

5 

0 

0 

0 

0 

0 

1/2 

1/2 

• 

0 

0 

0 

0 

0 

0 

1 

• 

0 

0 

0 

0 

0 

0 

1 

P(Y;E,2) 

P(Y;E,3) 

E\^ 

0 

1 

2 

3 

4 

5 

» 

E\^ 

0 

1 

2 

3 

4 

5 

« 

0 

0 

1/2 

1/2 

0 

0 

0 

0 

0 

0 

0 

1/2 

3/8 

0 

0 

1/8 

1 

0 

0 

1/2 

3/8 

0 

0 

1/8 

1 

0 

0 

0 

2/8  1/8 

0 

5/8 

2 

0 

0 

0 

3/8  2/8 

0 

3/8 

2 

0 

0 

0 

0 

2/8 

1/8 

5/8 

3 

0 

0 

0 

0 

1/3 

1/6  1/2 

3 

0 

0 

0 

0 

0 

1/6 

5/6 

4 

0 

0 

0 

0 

0 

1/4  3/4 

4 

0 

0 

0 

0 

0 

0 

1 

5 

0 

0 

0 

0 

0 

0 

1 

5 

0 

0 

0 

0 

') 

0 

1 

« 

0 

0 

0 

0 

0 

0 

1 

• 

0 

0 

0 

0 

0 

0 

1 

206 


3 

horizon  to  be  two  periods  long  (T  - 2)  and  zero  salvage  value  (3  (S)  « 0 

1 2 

for  all  S) . The  revenue  functions  3 and  3 are  depicted  In  Figure  4.3. 
The  sector  shadow  prices  are  summarized  In  Table  4.5.  Extraction  costs 
are,  for  simplicity,  asswed  to  depend  uniquely  In  the  cumulative  past 
extractions  E and  the  target  extraction  r as  given  by 


g*^(E,r)  = 


r Es2ri2-E 

2-E  + 2(r-2  + E)  E i 2 r>2-E 

2r  E > 2 


for  t=l,2. 

For  a discount  factor,  a = .9,  the  Markovian  decision  supplier's  pro- 
blem Is  solved  after  two  Iterations  with  the  sectoral  problems  as  shown  in 
This.  4.6  and  4.7.  The  optimal  solution  is  to  set 


no  matter  what  state  Is  reached  as  a result  of  the  first  period  decision. 
This  Is  shown  In  a decision  tree  format  In  Figure  4.4.  The  probability 
distribution  of  the  state  of  the  system  at  the  end  of  periods  1 and  2 Is 
presented  In  Table  4.8. 


4.V.  A Discussion  on  the  Sector's  Active  Behavior 

The  development  In  Che  previous  section  assumed  that  the  economic 
sector  would  act  passively  in  each  period  with  respect  Co  Che  depletable 
resource  supply.  In  other  words  the  sector  would  Miit  and  aee  the  uncer- 
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Revenue  Functions;  and  6^ 
Figure  A. 3 


Table  4.5;  Sectoral  Shadow  Prices  - Example  4.1 


Shadow  Prices 

- Period  1 

Shadow  Prices 

- Period  2 

Range 

Shadow  Prices 

Range 

Shadow  Prices 

■In  max 

min  max 

0 1.5 

Tfli  1 4 

0 1.5 

0 

1.5  2.5 

2 

1.5  2.5 

4 

2.5  3.5 

1 

2.5  3.5 

ir2.3  2 

3.5 

0 

3.5 

ir2»**  0 

! 

% 

^ 


Period  2;  Known  Shadow  Prices  ^ - { ti^  ’ M 
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Table  4.7:  Iteration 
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Table  4.8.  Probability  Distribution  of  State  of 

Cumulative  Extraction  Under  the  Optimal 
Strategy 


End  of  Period  1 

State 

Probabilities 

0 

0 

1 

1/2 

Non-depleted 

0 

1/2 

States  of 

Cumulative 

3 

0 

Extraction 

4 

0 

5 

0 

Exhaustion  State 

» 

0 

End  of  Period  2 

State 

Probabilities 

0 

0 

1 

0 

Non-depleted 

O 

A 

States  of 

Cumulative 

3 

2/16 

Extraction 

4 

3/16 

5 

1/16 

Exhaustion  State 

« 

10/16 
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Calnty  be  resolved  to  determine  the  level  of  operations  of  Its  productive 
activities  as  well  as  its  demand  for  the  alternative  primary  supplies 
(4.16).  When  this  Is  not  the  case,  the  possibilities  for  a specification 
of  the  supplier's  revenue  functions  by  an  economic  sector  protecting  it- 
self against  supply  fluctuations  are  manifold.  We  shall  briefly  explore 
here  two  alternatives  resulting  from  1)  arbitrarily  penalizing  the  sup- 
plier for  deviations  from  the  announced  supply  or  target  extraction,  and 
2)  an  active  two-stage  approach  similar  to  the  case  of  uncertain  end-use 
demands  In  section  4. III. 

In  the  first  case  the  supplier's  revenue  function  would  depend  on 
both  actual  and  target  extraction  denoted,  as  before,  n.  and  r respectively, 
of  the  form 

6*^(4.,r)  - [**^(0)  - ♦•^(r)]  + - r]^+  6*=  [/I  - r]  (4.17) 

where  6^  and  5^  are  non-negative  per  unit  penalties  set  so  as  to  give 

B*^(^,r)  i **^(0)  - ♦*^(/l). 


If  the  actual  extraction  coincides  with  the  target  extraction,  H.  * t,  the 
supplier  will  receive  exactly  the  economic  sector's  cost-savings.  The 
economic  sector's  cost-savings  function  would  act  as  an  envelope  for  the 
revenue  functions  (4.17)  as  depicted  In  Figure  4.5. 

The  sectoral  problems  generating  the  cost  function  4^  can  also  pro- 
vide useful  Information  for  setting  those  penalties.  If  these  are  set 
such  that 


6^ 


and 


r - 


213 


or.  In  other  words,  for  general  convex  functions,  4’*',  as  Any  subgradients 

of  and  respectively,  the  difference  between  what  the  supplier 

c t 

would  receive  had  he  announced  A.(*  (0)  - ♦ (A.))  and  what  Is  actually  re- 
ceived (3*'(A.,r))  are  maximized  respectively  at  ^ and  H * H.  However 
the  solution  of  the  supplier's  problem  with  revenue  functions  given  by 
(4.17)  would  be  more  complex  because  we  need  Introduce  binary  (0,1)  Inte- 
ger variables  as  Indicators  for  the  penalties  S*"  and  6^. 

The  second  possibility  to  be  explored  here  for  a supplier's  active 
behavior  Is  the  derivation  of  a here-and-now  expected  cost  function  but 
with  respect  to  the  depletable  resource  supply  In  contrast  with  section 
4.111.  For  the  sake  of  simplicity  we  assume  that  the  economic  sector  can- 
not wait  and  see  the  occurrence  of  the  actual  extraction  because  some  of 
the  alternative  primary  supplies  need  be  ordered  well  In  advance.  For 
^ convenience  we  will  Illustrate  the  two  stage  approach  In  a linear  program- 
ming context.  Assuming  that  the  actual  supply  for  a fixed  value  of  the 
target  extraction  can  take  only  a finite  number  of  values  in  the  form  of 

• 9 r 

q 
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s.t.  Sj  < (first  stage) 


< e r 

q“i»2* • . . ,Q 

q 

q 

(4.18) 

8^  + 

> 

ft 

X 

ft 

O 

VI 

1 

11  q 

q"l,2,...,Q^ 

At  t 

12  q 

-An  ^ 0 

2q 

q"i»2» . . . ,Q 

(second  stage) 

At  t 

A X 

9 n 

IV 

q*l,2, . . . ,Q 

0 ^ «2q  ^ ®2  Q*= 
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Because  of  the  linearity  in  r in  (4.18),  will  be  non-increasing,  con- 
vex, and  piecewise  linear  with  a finite  number  of  segments. 

For  comparative  purposes,  we  let  for  q«l,2, . . . .Q*" 


^ t t . ,t  t 
4 (r)  » min  c x + f s 

<i  q q 


t t 

"q 

< 

0 r 

q 

A^x^ 

1 

-s*^^ 

q 

0 

A X 

2 q 

> 

ft 

0 < x*"  0 < s^  i s*" 

q q 


denote  the  cost  of  meeting  demand  when  r is  the  announced  target  supply, 
for  every  possible  occurrence  of  9.  If  the  economic  sector  could  wait 
and  see,  the  realization  of  the  actual  supplier  would  be  given  by 

I p;[*;(0)  - Hv)]. 

q-1 

We  can  then  show 


Lemma  4.3;  r^(0)  ■ i p^4^(0)  and 

q-1  ** 

i I Pa*Q(r)  for  r > 0. 

q-1  ^ ^ 


Proof : The  proof  of  this  lemma  can  be  carried  in  an  analogous  manner  of 
Lemma  4.2  and  shall  not  be  repeated  here.|| 
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If  here-and-nau  the  maximum  amount  the  sector  is  willing  to  pay  the 
supplier  for  r units  of  the  depletable  resource  is  r^(0)  - r^(r),  and 


e*^(r)  = r*^(o)  - r*^(r). 


the  supplier  is  already  being  charged  the  sector's  cost  of  uncertainty, 

q q q 


- I p;[*;(0)  - $^(r)]. 


q-l 


since  by  Lemma  4.3 


B*^(r)  = r*^(0)  - r*^(r)  < I p^[**'(0)  - 'j'^(r)]. 

q-1  ^ ^ 


217 


Chapter  5:  Models  of  Depletable  Resources  over  an  Infinite  Horizon 

5.1.  Introduction 

In  our  development  so  far  the  planning  horizon  for  the  depletable 
resource  supplier (s)  was  assumed  finite.  No  criterion  or  assumption  has 
been  placed  In  the  determination  of  the  length  of  this  planning  horizon. 

It  is  widely  recognized  (see  section  1.II.2)  that  unless  minimum  resource 
requirements  exist  in  the  economy,  the  relevant  planning  horizon  for  the 
depletable  resource  is  for  all  purposes,  infinite.  However,  our  finite- 
horizon  analysis  had  enough  flexibility  to  accommodate  the  Infinite-horizon 
problem  by  a proper  selection  of  the  salvage  valuation.  This  was  the  topic 
of  our  discussion  at  the  end  of  Chapter  2.  In  this  chapter  we  consider 
some  Infinite-horizon  depletable  resource  planning  models.  In  the  next  two 
sections  we  focus  on  stationary  and  semi-statlonary  Infinite-horizon  exten- 
sions of  equilibrium  In  our  basic  model.  This  is  followed  by  a model  of 
sectoral  ownership  of  the  depletable  resource  reserves  under  an  Infinite 
planning  horizon  and  Leontief  substitution  systems.  A digression  at  the 
end  of  the  chapter  suggests  an  ascent  algorithm  for  non-statlonary  Infinite 
horizon  problems. 

5. II.  Finite-Horizon  Approximations  to  the  Stationary  Infinite-Horizon 

Supplier's  Problem 

In  section  2. VI  we  mentioned  the  possibility  of  extending  the  sec- 
toral-supplier depletable  resource  equilibrium  to  an  Infinitely  long  plan- 
ning horizon.  Under  non-statlonary  conditions  this  would  require  computing 
the  sectoral  cost  of  meeting  demahd,  4^,  by  solving  an  Infinite  number  of 
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sectoral  problems  which  Is  obviously  undesirable.  Even  under  conditions  of 
perfect  statlonarity,  solving  the  infinite-horizon  supplier's  problem  is, 
in  most  cases,  non-trlvial.  In  the  present  section  we  discuss  two  finite- 
horizon  approximation  methods  to  the  stationary  infinite-horizon  supplier's 
ppoh  lent 

ao  t— 1 

V(S)  “ max  E {6(r^)  - g ( E r^,r^)} 

t-1  j-1 

00 

s.t.  E r*"  < S (5.1) 

t-1 

r^  ^ 0 t-1, 2, 

where  S denotes  the  Initial  state. 

In  one  case  the  infinite  horizon  Is  truncated  at  the  end  of  a finite 
period.  The  successive  finite-horizon  truncations  will  provide  monotoni- 
cally  increasing  lower  bounds  to  the  optimal  value  of  the  original  problem 
and  a sequence  of  feasible  solutions  to  the  stationary  infinite-horizon 
problem.  The  second  finite-horizon  approximation  method  consists  essentially 
of  a relaxation  of  the  original  problem.  The  sequence  of  finite-horizon  a- 
retaxations,  on  the  other  hand,  will  provide  monotonlcally  decreasing  upper 
bounds  to  the  optimal  value  of  the  stationary  Infinite-horizon  supplier's 
problem  (5.1),  but  the  sequence  of  solutions  will  not  be  feasible  to  the 
stationary  Infinite-horizon  problem  necessarily. 

The  stationary  Infinite-horizon  supplier's  problem  (5.1)  can  be  re- 

< 

formulated  in  terms  of  the  dynamic  programming  backward  recursions  > j 

f 

% 

I 

I 
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V(S)  - sup  {e(r)  - g(R-S,r)  + o V(S-R)}.  (5.2) 

0^r<S 

The  solution  to  the  functional  equation  (5.2),  evaluated  at  the  point 
S^.  Is  a solution  of  (5.1).  Vfe  can  then  show 

Lemma  5.1;  There  exists  a unique  function  V satisfying  the  functional 
equation  (5.2) 

Proof:  By  verifying  that  the  payoff  function 

6(r)  - g(R-S,r)  + a V(S-r) 

satisfies  Denardo’s  [16]  monotonlclty  and  contraction  assumption,  we  can 
rely  on  the  elegant  and  more  general  proof  of  his  Theorem  3,  to  ascertain 
the  existence  of  a unique  solution  to  (5.2) 

Lemma  5.2:  V(S)  given  by  (5.2)  Is 

(I)  concave  If  3 Is  concave  and  g Is  convex 

(II)  non-decreasing  If  g Is  non-decreasing  In  Its  first 
argument 

(III)  continuous  If  3 and  g are  continuous. 

Proof : Consider  the  method  of  successive  approximations  with  V denoting 

n 

the  n-th  approximation  and 

V (S)  • sup  {6(r)  - g(R-S,r)  + a V , (S-r)}  n*l,2,... 

“ 0<r<S 


Dmardo  [ 16]  has  shown  that 
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llm  V 


V 


and  that  convergence  Is  uniform  for  any  initial  V . It  was  shown  in 

o 

Lemma  2.3  that  for  concave  g and  V and  convex  g,  V is  concave. 

n 

Since  for  any  0<(i)<^l 

V [uS  +(l-u))  S ] > uV  (S.)  + (1-u)  V (S,), 

taking  limits  on  both  sides  yields 

V[uSj^  + (l-<o)  S^]  > <oV(Sj^)  + (1-m)  VCS^) 

which  completes  the  proof  of  (1) . 

It  is  trivial  to  show  that  if  is  non-decreasing  and  g la  non- 

decreasing  in  its  first  argument  then  for  ^ 


V 

n 


«!>  i ’.(Sj) 


Taking  limits  on  both  sides  gives 


V(S^)  > VCS^) 

which  yields  (li). 

If  9,g  and  are  continuous  then  the  payoff  function 

S(r)  - g(R-S,r)  +a  (5.3) 

la  continuous  on  S and  r.  Since  S e[0,R),  a compact  set,  and  the  point- 
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to-set  mapping,  i2(S)  > [0,S]  Is  continuous,  then  V (S) , the  maximum  of 

n 

(5.3)  over  refl  (S)  is  from  Meyer's  ([64],  theorem  1.4)  continuous.  Since 
convergence  is  uniform,  V(S)  is  continuous.  || 

The  first  approximation  method  we  suggest  is  the  finite  horizon 
truncation  of  the  Infinite-horizon,  in  which  case,  we  solve  the  T-period 
truncation 


T t-1 

V (S)  - max  E {e(r‘)  - g(  E r*,r’^)} 

t-1  J-1 


s.t.  E r^lS  (5.4) 

t-1 

r^  ^ 0 t-1,2, . . . ,T 

which  is  essentially  the  finite-horizon  supplier's  problem  (2.1)  with  no 

T+1 

salvage  function  ( g (S)  - 0,  for  all  S).  For  problem  (5.4)  we  can  show 
Lemma  5.3;  (i)  V^(S)  i Yt+1^^^  - 


(11)  vJ(S)  - max  {B(r)  - g(R-S,r)  + (S-r)  } 

OKr^S 


with 


t-T,T-l,...,l 


yj'^^(s)  - 0 


for  all  S 


•< 
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and,  V^(S)  = vJ(S) 


(111)  Y (S)  - max  {6(r)  - g(R-S,r)  + aV_(S-r)} 
0<r<S 


T-1,2,... 


Proof:  Let  r^,  t>l,2,...,T,  be  an  optimal  solution  to  the  T-perlod  trun- 
cation (5.4)  with  value  V^(S).  Then 


t-1,2 T 


Tfl 


t - T+1 


Is  a feasible  solution  to  the  T+l-perlod  truncation  with  value  Y^(S).  We 
then  have 


1 Yt+i^^)  • 


Por  any  T-1,2, .. . , 


t-l,2,...,T 


t-T+l,T+2,., 


Is  feasible  for  the  Infinite-horizon  supplier's  problem  (5.1)  with  value 
-(5) . Consequently 
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Yj(S)  1 Y(S) 

$ 

for  all  T.  This  completes  the  proof  of  (i).  Part  (ii)  is  just  a dynamic 
programming  reformulation  of  (5.4),  In  terms  of  a backward  recursion. 

Part  (ill)  gives  the  T+1  period  truncation  recursively  as  a function  of 
the  T-perlod  truncation.  | | 

^ Concerning  the  convergence  of  the  T-perlod  truncations  (5.4)  we  can 

show 

Theorem  5.1:  lim  V (S)  * V(S) 

T-x" 

Proof:  From  Lemma  5.3(1),  the  sequence  V^(  ) converges  and  we  have 

W(S)  - lim  V (S)  i V(S)  . 

T-x» 

We  need  to  show  that  this  relation  holds  as  an  equality.  Let 

5t+i^^^  “ -T+1^®^  ■ 

denote  the  error  of  the  T+l-perlod  truncation.  Then  by  Lemma  5.3  (ill) 

6x4.1  (S)  “ max  {6(r)  - g(R-S,r)  + oV  (S-r)  > 

^ O^r^S 

♦.  - max  {B(r)  - g(R-S,r)  + V(S-r)} 

O^r^S 

r 

I 

I 

I 
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Let  r be  an  optimal  solution  to  the  second  expression,  then 


e-^lCS)  - max  {^(r)  - g(r)  - g(R-S,r)  + g(R-S,r) 
0<r<S 


+ a[y_(S-r)  - V(S-r)]}  (5.5) 


max  {ae_(S-r)  + B(r)  - g(R-S,r)  + aV(S-r) 
0<r<S 


- B(r)  - g(R-S,r)  + aV(S-?)} 


Since  0<r<S 


6(r)  - g(R-S,r)  + aV(S-r)  > S(r)  - g(R-S,r)  + aV(S-r) 


we  have 


“T+1^^^  lI-T 

0<r<S 


£ o I Ie_| I . (5.6) 


Also  since  r - r is  feasible  for  (5.5) 


5x+i^®^  - ^ ■ «M§xl 


(5.7) 


From  (5.6)  and  (5.7) 


I ® 1 1 


^|ic||  denotes  the  sup  norm. 
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Consequently 


IWI 


T-1,2,, 


and  since  ct  < 1 


11m  I - 0 

we  conclude  then  that 

W(S)  - 11m  V (S)  - V(S)  . 1 1 

T-H»  ~ 

Lemma  5.4;  If  in  a solution  of  the  infinite-horizon  supplier's  problem 

“ 0,  for  t ^ T+1,  the  solution  to  the  finite-horizon  trun- 
cations (5.4)  converges  to  an  optimal  solution  of  the 
infinite-horizon  supplier's  problem  (5.1)  after  at  most  T 
truncations . 

Proof : This  follows  by  observing  that 

ti£  * r t*l(2(...)T 

la  feasible  for  the  T-perlod  truncation  with  value  V(.S).  Hence 


V(S)  < V^(S)  . 
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By  Lemma  5.3,  we  must  have 


V(S)  - V^(S)  . 


X 2 T 

Consequently  (r^,r^, . . . ,r^)  Is  an  optimal  solution  to  (5.4).  || 

While  the  finite-horizon  truncation  of  the  Infinite  planning  hori- 
zon described  above  seems  to  be  generally  applicable,  the  next  approxi- 
mation method  to  be  discussed,  due  to  Grlnold  [31]  was  designed  primarily 
for  a class  of  Infinite-horizon  stationary  linear  programs.  For  piece- 
wise  linear  revenue  function  B and  a "cumulative"  extraction  cost  func- 
tion e,  we  shall  show  that  the  stationary  Infinite-horizon  supplier's 
problem  (5.1)  can  be  formulated  such  as  to  fit  that  category.  Before 
Introducing  the  finite-horizon  a-relaxatlons  we  need  Introduce  the  con- 
cept of  (x-oonvevgenoe . We  will  say  that  the  sequence  {r^}  Is  o -conver- 
gent If  each  vector  of  the  sequence  Is  non-negative  and  the  Infinite  sum 

m 

2 a '''r  converges.  We  can  then  show 
t-1 

Leimna  5.5;  If  the  sequence  (r**}  Is  bounded  then  It  Is  o-convergent . 
Proof:  Let  0 i ^ S for  t-1, 2,...,  then 


T 

Z 

t-1 


t-1 


t 
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What  the  above  lemma  shows  Is  that  the  reserves  constraint  In  the  sup- 
plier's problem  Induces  a-convergence  on  the  set  of  feasible  solutions. 

In  order  to  relate  the  stationary  Infinite-horizon  supplier ''s  problem 
(5.1)  with  the  class  of  problems  studied  by  Grlnold  [31]  we  rewrite  It 
In  terms  of  S^,  the  resource  stock  left  by  the  start  of  period  t. 

00 

V(S)  » max  E o^  ^ {6(r^)  - (1-a)  eCR-sVr*’)} 
t-1 

s.t.  - S (5.8) 


S"  - 8*=-^  - r^-" 


t“2.3. 


9 


^ 0,  ^ 0 t-2,3,.... 

Similarly  to  the  finite-horizon  development  In  section  2. IV. 2,  when 


8(r)  ■ min  + ir^r) 

k-1,2 K 


e(E)  - max  {e^  + E) 

j“l,2, . . • 


problem  (5.8)  can  be  rewritten  as  an  infinite-horizon  linear  program  with 


V(S)  “ max  E ^ {z*”  - (1-a)  (/*■} 
t-1 
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1 k 1 , k 

.t  z - IT  r < 0 


k-1.2,...^r 


s^-s 


(5.9) 


1 6 


k-l,2,...,K 


- Y^r^  + Y^S^  ^ + Y^R  j*1.2,...y 


t**2,3( ...  I 


t-2.3,.... 


> 0 , > 0 


By  Introducing  slack  and  surplus  variables  In  (5.9)  and  letting 


1 

1 


1 

0 

0 


0 

0 


[ 


0 

0 


0 

1 

1 


1 

0 


-V 


1 -d-a) 


•X 

IT 

1 


V 

-Y 


0 

0 


V 

Y 


1 

0 


0 

0 

0 


0 

0 


0. 

1. 


0. 

0. 


.0 

.0 


0 1 

0 0 

0 0 


.0 

.0 


0 

0 


0 

-1 

0 


0 

0 


0. 

0. 


0. 

0. 

-1. 


.-1 


•] 
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problem  (5.9)  Is  of  the  form 


V(S)  - max  E P 


Ax  - S 


(5.10) 


Ax^  - b+K  x*^"^  t-2,, 


> 0 


Grinold  [ 31]  suggested  the  following  T-perlod  approximations  to  solve  (5.10) 

T 

V (S)  ■ max  E p 

t-1  ^ 


AxJ  - S 

Ax^  - b + K xj 


t-2, 3,..., T-1 


(5.11) 


(A.aK)xJ  - ^ + K x^’^ 


xj  1 0 


t-1, 2 T 


In  terms  of  our  original  problem  (5.8)  Grlnold's  [ 31]  T-perlod  approxima- 
tions (5.11)  would  result  in  the  T~period  a~relaxation 
- T 

V^(S)  - max  E^  {Bj(r^)  - (1-a)  e^(R-S^+r^)} 


si  - S 


S*=  - - r*"-^ 

®T  ®T  *^T 


(5.12) 


t-2, 3,..., T-1 
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(l-a)sl  + orj  - s1~^  - 

T T T T 


0 < sj  , 0 < r J 


where 


3j(r) 


mla 


{b*"  + A) 


3j(r)  - min 

k-l,2,...,X 


t-1,2, . . . ,T-1 


(5.13) 


e^(R-sZ+rb  - max  (eJ+yJ  [R-s!+rJ]} 

j-1,2,...^ 


eJ(R-sJ+rJ) 


max 

J-1.2,. 


t-1,2,. ...T-l 


re^+y^R  j„T  . i T, 

Y S_  + y^r„} 

1-a  ' T T 


(5.14) 


requiring  only  a slight  modification  of  the  revenue  function  (5.13)  and 
extraction  cost  function  (5.14)  for  the  last  period  in  the  approximation. 


Lemma  5.6t  (1)  V^(S)  ^ V^^j^(S)  > V(S) 


(11)  vj(s) 


max  {6i^(r  ) - (l-o)  e^(R-S+r  ) + 

0<r,<S  ^ ^ ^ ^ 

— T— 
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t-T-l,T-2,...,l 

i 


with  V^(S)  -max{B^(r^)  - (1-a)  e^(R-sJ+r^)} 

s.t.  ar^  + (1-a)  - S 

and 

Vt(S)  e ^(S) 

(ill)  V (S)  - max  {B(r)  - (1-a)  e(R-s+r)  + aV  (S-r)} 

0<i^S  '• 

2 • • • I 

Proof:  Let  the  pair  (r^j^  , t-1,2, . . . ,T+1,  be  an  optimal  solution 

to  the  T+l-period  a-relaxation  (5.12).  For 


r 


t 

T 


't+i 


«T 

't+1 


. -T+1 

Tfl 


t*l,2,...,T-l 


t-T 


i 

; 
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we  have 


4 


*T+1 


-T  . *T+1 

^T+1  ^“®T+1 


si-S 


T T+1  ^T+1  T+1  T 


t»l,2,..,,T-l 


t-T 


t-2,3 T-1 


ar?  Sj  - a arJ^J  + (1-a)  > (1-a) 


_ iT  _ *T-1  -T-1  _ T-1  T-1 

" **T+1  T+1  " ’^T+l  ” ^T  ■ "^T 


and  then  (r^,S^)  is  feasible  for  the  T-perlod  a-relaxatlon  (5.12).  For 
the  value  of  this  feasible  solution  we  show 


ej(r^)  “ ®x^'t+1^  * ^T+l^’^T+l^ 


t-1, 2,..., T-1 


min 

k-l,...,X 


tk  ^ ,k  -T  ^ ^ k «T+1 


I 
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min 


k?“l, . . . ,K  ( 


I .k  ^ k«T  ) ^ ^ 1 

D + If  r„ , , I + a min  ’ — + 


T+1 


k=i,. . ..a: 


' 1-a 


+ -'"ill. 

T+1 


oT  ,'T  X ^ »T+1,-T+1x 


e^(R-S^+r^)  - ®x^^''^T+l^'^T+l^  “ ®T+l^*^~^T+l'*’’^T+l^  t-1,2, . . . ,T-1 


j-1. 


max 


e + Y R + a ^ ^T+l  ^ ^ "^T+lj- 


J-1 


■“*  je^  + R-sJ+i+^J+1  J + ° "ax 


max 


j-i,...x 


i + y^R 

I 1-a  ■ 


JsT+l  ^ 
^ ^T+1 


l-T+l  T _ -T  *T  . , T+l-„  iT+1  -T+lx 

Y - ®T+l^^“^T+l‘'’'^T+l^  “®T+l^^‘®T+l'^’^T+l^ 


Hence  the  value  of  this  feasible  solution  Is  greater  than  or  equal  to 
^T+1 ^ ^ ‘ Consequently , 


Vx<5)  1 Vi(S)  . 

Let  (r^,S^),  t“l,2,...,  be  an  optimal  solution  to  the  stationary  infinite- 
horizon  supplier's  problem  (5.8).  We  may  then  show  that  the  pair 


) 

I 

1 

I 

( 

1 
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t-T 

t-l,2,...,T-l 

t-T 

Is  feasible  for  the  T— period  a-relaxation  (5.12).  As  above,  the  value  of 
this  feasible  solution  f-an  be  shown  to  be  greater  or  equal  to  V(S}.  These 
series  converge  as  a result  of  Leanna  5.6.  Consequently, 

V.p(S)  > V(S) 

which  completes  the  proof  of  (1) . 

In  (11)  the  finite-horizon  a-relaxatlons  (5.12)  are  rewritten  as  a 
dynamic  programming  problem  through  a backward  recursive  functional  equa- 
tion. Part  (111)  gives  the  T+1  period  o-relaxatlon  recursively  as  a 
function  of  the  T-perlod  a-relaxatlon . | | 

Theorem  5.2;  11m  V (S)  - V(S). 

T-H*  ^ 

Proof:  See  Grlnold  [31].  ]| 

T 

Lemma  5.7:  If  In  a solution  to  the  T-perlod  a-relaxatlon  (5.12),  r^  - 0, 
then  the  pair 


t 

r 


z 

t-T 


t-T-t 
<s  r 
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t-1,2 T-1 

t^T 

t-1, 2,..., T-1 

t^T 

Is  an  optimal  solution  to  the  stationary  Infinite-horizon  supplier's 
problem  (5.8). 

Proof:  This  follows  by  showing  that  the  palr(r^,S^)  Is  feasible  for 
(5.8),  with 

B(r*')  - B(i*)  - BJ(^J)  t-1,2 T-1 

B(r*^)  - 0 tlT 

e(R-sV)  - e(R-siJ+^J)  - eJ(R-sJ+^J)  t-1,2, ...  ,T-1 

e(R-s‘+r^)  - e(R-sJ)  . t>T 

Hence,  the  value  of  this  feasible  solution  Is  V_,,(S)  and  therefore 

T+1 

V(5)  1 \+i(S) 
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By  Lennna  5.6,  It  must  be  that 

v(s)  - Vi(s) 


which  completes  the  proof.  | | 

What  the  above  corollary  gives  is  a finite  stopping  criterion  that 
guarantees  that  an  optimal  solution  to  the  infinite  horizon  problem  has 
been  reached.  Notice  that  the  converse  statement,  namely^  that  if  in  the 
optimal  solution  to  the  infinite  horizon  problem  r^  ■ 0 for  t ^ T this 
solution  would  be  reached  after  at  most  T+l  approximations  has  not  been 
shown.  It  is  conceivable  that  this  cannot  be  shown  without  resorting  to 
considerations  over  the  dual  problem  to  (5.11).  This  would  make  the  nota- 
tion unnecessarily  complicated. 

In  the  solution  to  the  stationary  infinite-horizon  supplier's  pro- 
blem, the  combination  of  the  finite-horizon  truncations  (5.4)  with  the 
finite-horizon  a-relaxatlon  (5.12),  is  insightful  in  terms  of  providing 
bounds  on  the  maximum  error  of  either  the  T-period  tnincatlon  or  of  the 
T-period  a-relaxatlon.  The  combination  of  Lemmas  5.3  and  5.6  yields 

i Vi(S)  > V(S)  > V^^^(S)  > V^(S) 

and  therefore 


eT+i(S)-  Vl^®^  ' 


T'-l,2... 
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E^^.l(S)  - V(S)  - Yt(S)  - Yt^S)  T’-1,2,... 

Example  5.1;  As  an  illustrating  example  of  the  application  of  finite- 
horizon  approximations,  we  assume  the  conditions  of  the  stationary  Example 
1.2.  The  revenue  function  8 is  given  in  Tab.  2.5.  Extraction  costs  are 
given  by  g(E,r)  - r for  all  0 ^ E ^ R and  are  therefore  Independent  of 
past  cumulative  extraction  which  makes  this  example  a further  simplified 
version  of  problem  (5.1)  or  (5.8).  The  discount  rate  is  o * .9  and 
R - 213. 

The  sequence  of  finite-horizon  truncations  (5.4)  is  depicted  in 

Table  5.1.  A comparison  of  Tbs.  5.1  and  2.7,shows  convergence  after  the 

eight-period  truncation  (T«8) . This  was  expected  as  a result  of  Lemma 

5.4.  For  the  finite-horizon  a-relaxatlons  (5.12),  the  modified  last- 
T 

period  function  8^,  as  defined  in  (5.13)  is  depicted  in  Table  5.2.  From 
Tab.  5.3  and  Lemma  5.7,  we  would  stop  after  the  nine-period  approxima- 
tion (T'*9).  A comparison  of  Tbs.  5.3  and  2.7conflrms  that  an  optimal 
solution  to  the  stationary  infinite-horizon  supplier's  problem  has  been 
reached . 

Tab.  5.4  shows  the  errors  in  the  sequence  of  finite-horizon  approxi- 
mations. Notice  that  in  this  example  the  errors  from  the  finite-horizon 
truncations  are  in  absolute  value  consistently  larger  than  the  errors 
from  the  finite-horizon  a-relaxatlon  except  at  T>8.  The  relaxations  need 
one  more  approximation  to  converge.  For  T"*5,  the  finite-horizon  a-relax- 
atlons are  already  within  7%  of  the  value  of  the  optimal  infinite-horizon 


solution. 


Length  I Table  5.1;  Finite-Horizon  Truncations 
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T 

Table  5.2:  Last  Period  Modified  Revenue  Function  (6^) 


Range  of  r Shadow  Prices 


Mlnlnum 

Maxlinum 

0 

273.60 

11 

273.60 

274.10 

CM 

H 

7.93 

274.10 

281.50 

7.16 

281.50 

297.40 

5. ,42 

297.40 

302.60 

1.80 

302.60 

357.10 

.40 

357.10 

296.90 

.35 

396.90 

00 

0 

Lengtji  I Table  5.3:  Finite-Horizon  a-Relaxatlons 
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5. III.  Seml-Statlonary  Supplier's  Problem 

Section  5. II  suggested  two  finite-horizon  approximation  methods  to 
solve  the  stationary  Infinite-horizon  supplier's  problem  with  a given  Ini- 
tial state,  the  depletable  resource  stock, 5 . When  the  state  by  the  start 
of  the  stationary  stage  Is  not  known  a priori,  generating  V(5)  for  all  0 £ 

S ^ R,  by  any  of  the  above  methods  Is  not  viable.  We^need  rely  on  other  pro- 
cedures to  value  stocks,  or  In  other  words,  to  determine  a solution  to  the 
functional  equation 

V(S)  - sup  {6(r)  - g(R-S,r)  + aV(S-r)}  (5.15) 

0<r£S 

Denardo  [ 16]  suggested  two  techniques  for  approximating  or  deter- 
mining V In  (5.15):  the  method  of  successive  approximations  and  a generali- 
zation of  Howard's  [45]  policy  Improvement  routine.  The  finite-horizon 
truncation  of  the  Infinite  planning  horizon,  described  In  section  5. II,  can 

<c  I 

9 

be  visualized  In  terms  of  these  two  techniques.  It  Is  a successive  approxi- 
mation method  with  an  Initial  approximation 

V (S)  - 0 . 

o 

Alternatively  It  corresponds  to  an  Improvement  over  an  Initial  policy  of 
setting 

r ■ 0 for  all  S. 

It  Is  conceivable  that  other  techniques  such  as  Scarf's  [73]  slmpllclal 
approximation  exploring  the  fixed-point  properties  of  the  functional 
equation  (5.15),  may  lead  to  efficient  solution  procedures. 
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1 

I 


The  next  approximation  we  describe  explores  the  concavity  and  con- 
tinuity of  V as  shown  in  Lemma  5.2.  This  consists  of  either  the  outer  or 
inner-linearization  of  V.  Suppose  V has  been  detennined  by  either  the 

finite-horizon  truncation  or  o-relaxation  approximation  methods  described 

\ 2 K 12 

in  section  5.  II,  at  a set  of  states  0«S,S,....S  »R  with  values  1/  , U , 

V \ 2 K 

, . . ,v  and  subgradients  tt  , n . The  inner-linearization  of  V gives 


V(S)  » max  Z ^ 
k 

It  It 

s.t.  L c S » S 
k 


1 


C 


k 


> 0 


as  a lower-bound  approximation  to  V.  Alternatively  the  outer-linearization 
of  V gives 


V(S)  - min  r 

s.t.  z _<  + ir'^(S-s’')  k-1,2, 

as  an  upper-bound  approximation  to  V.  Since  for  all  0 < S < R 


(5.16) 

.K 


y(s)  ^ v(s)  < v(s) 


one  linearization  serves  to  bound  the  approximation  error  to  the  other 
linearization. 

In  this  section  we  consider  methods  to  determine  the  sectoral 
supplier-equilibrium,  when  the  infinite  planning  horizon  is  divided  into 
two  stages:  a tvanaient  stage  followed  by  a stationary  stage.  During  the 


2A5 


I' 

f 

i 

I 


transient  stage  the  supplier's  revenue  function  is  given  by 

B^(t)  = **^(0)  - $’^(r)  t-l,2,...,T. 

In  the  stationary  stage, 

t T+1  T+1 

6 (r)  - $ (0)  - 4*  (r)  t-T+l,T+2, 

Two  possibilities  will  be  considered.  In  the  first  case  we  assume 
that  V(S)  can  be  determined  (or  closely  approximated)  for  all  0 ^ S ^ R by 
any  applicable  method.  In  the  second  case, approximations, to  V are  updated 
by  an  Iterative  process.  In  the  former  approach,  we  separate  the  equili- 
brium sectoral-supplier's  problem  into  two  steps: 

Step  1:  Determine  V for  0 ^ S ^ R for  the  stationary  stage  by  solving 

V(S)  - max  {$'^■^^(0)  - ♦^‘‘’^(r)  - g(R-S,r)  + oV(S-r)}  . 

0<r<S 

Step  2t  Use  V(S)  as  determined  in  step  1 to  value  stocks  left  at  the  end 
of  the  transient  stage  by  solving  for  the  finite-horizon  sectoral 
supplier  equilibrium  (2.1)  with  salvage  function 

6^‘’’^(S)  - V(S)  for  all  0 < S 1 R 

In  the  second  approach,  the  infinite-horizon  supplier's  problem  is  solved 
at  each  iteration  as  a finite-horizon  supplier's  problem  with  an  additional 
plecewlse-llnear  upper-bound  approximation,  to  the  salvage  function,  in 
other  words 

-T+l,n(s)  ^ _ minimum  { + n*'(S-s’^)} 

k*l,2, . ..K 
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for  all  0 ^ S ^ R.  The  upper-bound  approximation  V is  the  outer  lineari- 
zation (5.16)  of  the  concave  function  V. 

At  each  iteration  n,  the  finite-horizon  supplier's  problem  (2.1), 
is  solved  using  t»l,2, . . . ,T+1.  This  will  result  in  a supply  sche- 

duel  (r^**^,  r^’”, . . . ,r^’°)  and  a stock  left  at  the  end  of  the  transient 

ti 

stage,  S ’ . The  supply  schedule  is  then  sent  to  the  sectoral  problems 
(2.10)  or  (2.16),  t>l,2,...,T,  and  the  stock  left  is  sent  to  the  station- 
ary stage  problem,  to  be  evaluated.  The  sectoral  problems  are  reopti- 
mized at  these  levels,  yielding  costs  $^(r''’*')  and  shadow  prices 
t~l,2,...,T  as  before.  Similarly  the  stationary  stage  problem  (5.1) 
(possibly  by  iterating  with  the  stationary  sectoral  problem)  is  reopti- 
mized at  yielding  values  V(S^^^’*')  and  subgradients 

If 

-t,n^^t,nj  _ ^t^Q^  _ ^t^^t,n^  t 

and 

-T+l,n^gT+l,nj  _ ^^^T+l.n^ 

then  an  equilibrium  has  been  reached.  Conversely  if  either 


6^’“(rt»°)  > **^(0)  - **^(r*^’”) 


for  some  t«l,2, . . . ,T,  or 


gT+l,n^gT+l,nj  ^ y^gT+l,nj 


s 

> 
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a tighter  approximation  is  obtained  for  period  t or  for  the  stationary 
stage  by  adding  to  the  approximations  the  new  linear  segment 

^t,  t,n.  . t,n+l,  t,n, 

* (0)  - ♦ (r  ) + X ’ (r-r  ) 

or 

V(sT+l,n)  ^T+l,n+l^g_gT+l,nj  ^ 

The  supplier's  problem  is  then  reoptimized  at  iteration  n+1,  using  these 
improved  approximations.  The  iterative  approach  is  depicted  in  Figure 

5.1. 

This  iterative  approach  is  a further  generalization  of  Geoffrion's 
[26]  generalized  Benders'  iterative  scheme.  Consider  for  the  case  of 
convex  sectoral  problems  the  problem 


00  t“l 

max  Z o*"  ^ {4^(0)  - c'^Cx^)  + f^(s^)  - g*"  ( Z r^,r^)} 
t-1  J-1 


s.t.  (d^;  x^,8^,z^  ) £ 0 


t-1,2,...  (5.17) 


t t 
z < r 


Z r £ R 
t-1 


0<x,0<s,0<z,0<r  t-1,2,. 
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with  statlonarity  holding  after  period  T.  Then  for  a fixed  transient 

12  T 

stage  supply  schedule  r ,r  ,...r  , problen  (5.17)  Is  separable  Into  the 
T+1  subproblems,  the  T convex  sectoral  problems  (2.16),  and  the  station- 
ary stage  y^uppller's  problem  (5.1).  The  master  problem  Is  the  finite- 
horizon  supplier's  problem  (2.1)  with 

8*^(r)  - **^(0)  - **^(r)  t-l,2,...,T 

and 

e'^'^^(S)  - V(S)  . 

Finally,  we  shall  close  this  section  by  Illustrating  when  the  homo- 
geneity properties  of  the  sectoral  problems  can  be  explored  to  yield 
alternative  specifications  to  statlonarity  after  a certain  period,  to  the 
infinite-horizon  problem.  We  consider  a simpler  LP-sectoral  problem  of 
the  form 

♦^(r)  ■ min  c^x^ 

..  t t 
s.t.  p X ^ r 

A x^  ^ 

0 < x*^ 
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Let 


and 


t ,t-l 
Cl  . 5 Cl 


t-1  A 

y 


Pv  “ 

k k 


t«l,2, . . 


t-1,2,., 


t-1,2,. 


for  all  1,  j and  k,  where  6,  y and  k are  respectively  the  geometric  rates 
pf  cost  decline,  demand  growth,  and  progress  In  resource  efficiency  utili- 
zation. It  Is  easy  to  show  by  the  linear  homogeneity  of  linear  programs 
that 

. \ 

t-1,2,... 


*‘'(r)  - ^ 


.t-1 


.(yk) 


Consider  determining  for  0 _<  S £ R and  a,b  ^0  the  function 


V(S;a,6)  - max  {a[*(0)  -♦[(f)]-  g(R-S,r)  + aV(S-r;a6Y,tYK) } 
0<r_<S  ® 

Starting  at  any  Initial  state  O^^R,  the  resulting  Infinite-horizon  sup- 
plier's problem  Is  solved  by  computing 


V(S;1,1)  . 
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5.1V.  An  Inflnlte-Horlzoa  Linear  Programming  Model 

In  this  section  we  consider  solution  procedures  to  an  Infinite- 
horizon  linear  program  problem  \^th  depletable  resources.  The  analysis  here 
departs  from  that  of  previous  chapters  because  we  assume  the  depletable  re- 
source Is  owned  and  controlled  by  the  economic  sector.  This  assumption  Is 
convenient  because  It  makes  the  Interpretation  of  the  solution  procedure 
more  tractable.  However,  It  can  be  seen  from  the  observation  of  (2.15)  and 
(2.18)  that  for  a depletable  resource  supplier  receiving  In  each  period  the 
economic  sector's  cost  savings  equilibrium  as  defined  by  (2.9)  Is  the  solu- 
tion to  a problem  equivalent  to  that  faced  by  an  economic  sector  that  owns 
the  resource  stock  acting  such  as  to  minimize  the  present  value  of  the  cost 
of  meeting  demand  for  end-use  goods  over  the  planning  horizon. 

The  problem  we  consider  In  this  section  Is 


V(R)  ■ min  Z ^ (cx^  [z^  - z^  ^]} 
t-1 


s.t. 


Ax 


t 


t 

z 


t-1 

z 


+ px 


t-1, 2, . . . 
t-1, 2,... 


(5.18) 


0 ^ x^  t-1, 2,...,  0 <_  z^  £ R t-1, 2,... 

where  g denotes  the  extraction  cost  per  unit,  under  the  assumption  of  con- 
stant marginal  extraction  cost  and  z^  stands  for  the  amount  extracted  by 
the  end  of  period  t,  with  x*  - 0. 


Definition  5.1;  A matrix  A Is  Leontlef , denoted  AcL  If  each  column  of  A 
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contains  exactly  one  positive  element  and  A transform  some  non-negative 
vector  (x  ^ 0)  into  a strictly  positive  vector  (Ax  > 0) . 

Facts  about  Leontief  substitution  systems  that  will  be  used  here 
are  summarized  below. 

Proposition  5.1;  (1)  If  AeLd'  > 0,  and  the  optimum  of  min  cx  s.t. 

Ax  ■ d',  X ^ 0 exists,  then  the  optimal  basis 
remain  optimal  for  any  d ^ 0. 

(11)  If  Be  is  square,  B ^ ^ 0 

Proof:  See  Koehler,  et  al.  [53].  II 

The  following  assumptions  are  made  for  problem  (5.18): 

(1)  c ^ 0,  ^ 1 0,  p > 0,  > 0,  a < 1 

(ii)  AeL 

(ill)  the  positive  sequence  of  vectors  of  end-use 

demands  is  o-convergent  or,  in  other  words 

Z t-1  ,t 

t-1 

Consider  the  finite  linear  programming  auxiliacry  problem: 

V(R)  ■ min  CX  + (l-o)gz 
s.t.  Ax  - d 

- px  + (1-a)  z - 0 (5.19) 

0<X,  0;^z_<y^ 
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The  Importance  of  the  auxiliary  problem  (5.19)  stems  from  the  possibility 
of  obtaining  relevant  Information  for  the  solution  of  the  original  problem 
(5.18).  As  we  shall  see  In  some  special  cases  solution  to  (5.18)  can  be 
obtained  directly  from  solving  (5.19).  For  this  purpose,  we  show 

Lemma  5.8;  If  the  pair  {x^,z^}  Is  feasible  for  the  original  problem  (5.18) 
and  a-convergent  then  the  pair 


X “ E ^ x*”  > 0 


t-1 


t-1  t 

2 ■■  E a 2^0 
f=l 


is  feasible  for  the  auxiliary  problem  (5.19), 


Proof:  This  follows  trivially  by  showing 


_ t-1  t _ t-1  , t _ t-1  jt  , 

Ax~AEa  x*Ea  Ax-Eo  <i=d 


t-1 


t-1 


t-1 


" ft  \ ■r  t-1  t _ t-1  t _ t-1,  t t-1  t.  - 

(l-a)z  - px  - (1-ot)  Eo  2-pEa  x-Ea  (2-2  -px)-0 


t-1 


t-1 


t-1 


z - E ^ 2^  < E ^ R 


t-1 


t-1 


1-a 


Leimna  5.9:  Every  feasible  solution  {x*’,2^}  to  (5.18)  Is  a-convergent. 


Proof : This  follows  by  observing  that  0 £ 2*^  £ R Implies  that  the  sequence 
{z^}  Is  a-convergent  from  Grlnold's  [34]  result  that  for  any  matrix  AeL 
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A t ,t 

Ax  - a 


there  exists  a k > 0,  such  that 

lU^ll  i<  ll^ll 

since  Is  assumed  a-convergent , the  sequence  {x^}  Is  a -convergent . || 

Lemma  5.10:  The  optimal  value  of  the  auxiliary  problem  (5.19)  Is  a lower 
bound  to  the  optimal  value  of  the  original  problem  (5.18),  . 

Y(R)  <_  V(R)  . 

Proof:  From  Lemmas  5.8  and  5.9,  we  observe  that  for  every  feasible  solu- 
tion for  (5.18),  there  Is  a corresponding  feasible  solution  of  (5.8). 
Furthermore  these  solutions  have  the  same  objective  value  since 


cx  + (1-a)  g’z  » Z ^ (ex*"  + ^]} 

t-1 


Consequently 


V(R)  < V(R) 


Concerning  the  Implications  of  the  auxiliary  problem  (5.19)  for 
solutions  to  the  original  problem  (5.18),  we  need  observe  that 


-P 


1-a 


cL 


Partitioning  the  matrix  A Into  A [A^,A2]  where  A^  corresponds  to  the 
colums  of  A for  which  p^“0  and  A2  to  those  for  which  p^>0,  we  have 
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Theorem  5.3;  (1)  If  the  auxiliary  problem  (5.19)  is  Infeasible  then 

the  original  problem  (5.18)  is  Infeasible. 

(li)  If  L and  in  an  optimal  solution  to  the  auxiliary 
problem  (5.19)  z = 0,  then 


t-1,2,... 
t~l,2 » . . . 
t*l • 2 , . . . 
t-1,2,... 


where  is  a matrix  composed  of  the  columns  of  in 
the  optimal  basis,  is  an  optimal  solution  to  the  ori- 
ginal problem  (5.18). 

(lii)  If  in  an  optimal  solution  to  the  auxiliary  problem 
(5.19), 

Oft 

0 < z < -r^  and  E p B ^ < R 

t-1  B 

where  B is  a matrix  composed  of  the  columns  of  A in 
the  optimal  basis,  then 


4 ■ 

^ ^-0 


t-1,2,... 

t“l,2, 

t-1,2,... 
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Is  an  optimal  solution  to  the  original  problem  (5.18). 

Proof:  The  proof  of  (1)  Is  carried  by  contradiction.  Suppose  the  auxi- 
liary problem  (5.19)  Is  Infeasible,  but  the  original  problem  (5.18)  Is 
feasible.  Then  by  Lemmas  5.8  and  5.9  to  any  feasible  solution  to  the 
original  problem  there  corresponds  a feasible  solution  to  the  auxiliary 
problem,  leading  to  the  desired  contradiction. 

The  proof  of  (11)  follows  from  observing  that  if  z • 0 in  (5.19) 
then  px  » 0.  Partitioning  correspondingly  to  A-[Aj^,A2],  x',»  [x|,X2], 
c “ ^ ' [0»P2l  then  x = [x^,0]  and  Xj^  Is  optimal  for 

min  Cj^Xj^ 
s.t. 


Letting  A^  * where  corresponds  to  the  columns  for  which  Xj^’*  0, 

then  B ^ > 0 since  A.eLby  assinnptlon  and  Proposition  5.1.  Therefore 
• X 

yew  - d 


Consequently 

"t  „-l  ,t 

-IB  ■ ®1  ^ i ^ 

t-1,2, . .. 

‘IH  ■ *2  ■ " “■*  “ 

“I’lB  * “I'lK  * *2*2  ■ 

t-1,2,... 

t=l,2, . . . 

4 

-t  *t-l  -t  t-1  - 

z - z +P2X2-Z  -0 

t-1,2, . . . 

; 
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Is  feasible  to  the  original  problem  with  objective  value 


I .'-1  B-1  d - y(R) 

t*l 


From  Lemma  5.10,  this  solution  attains  the  lower  bound  and  therefore  Is 

optimal  for  the  original  problem  (5.18).  This  completes  the  proof  of  (11) 

^ R 

For  the  proof  of  (ill) , since  0 < z < we  denote  the  optimal 
basis  for  the  auxiliary  problem  by 


B 

0 

0 

with  Inverse 

"^B 

1-a 

1 

1-a 

1-a 

> 0 


and  Its  optimal  solution  by 


X « d 


P,  B-‘  d 


l-n 


with  value  y(R) 
The  solution 


c_  B~^d  + g p_B'^d 


^ - B“^  > 0 


-t 


- 0 


- Z p B”^  > 0 

j-1  ® 


t-1,2,. . . 
t=l,2, . . . 
t-1,2, . . . 


I 
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is  feasible  for  the  original  problem  (5.18)  if 

t * 

i'-  - Z p„  b"'-  < E p b'^  1 R 

J-1  ' J-1  ® 

because 

t-1,2,... 

^ z P b"^  P + P b"^  d'^ 

j-1  ® j-1  ® ® . 

-t-1  ^ ^ *t 

The  value  of  the  objective  for  this  feasible  solution  la 

00 

Z [CgB"^  / + ^ PgB“^  d'"]  - CgB'^d  + g PgB"^d  - V(R) 

Since  this  solution  is  feasible  to  (5.18)  and  attains  the  lower  bound 
given  by  Lemma  5.10,  It  is  optimal  for  the  original  problem  (5.18). 

For  the  cases  not  covered  by  Theorem  5.3,  an  approximation  method  is 
suggested  later  in  this  section.  Notice  that  Theorem  5.3  covers  an  en- 
semble of  special  cases  from  which  the  solution  to  the  original  problem 

(5.18)  Is  obtained  directly  from  the  solution  to  the  auxiliary  problem 

(5.19) .  Apparently  these  are  the  only  cases  for  which  the  solution  to 
(5.18)  is  obtained  at  a stationary  vertex  of  A,  given  by  [B,B,....].  A 
comparison  between  these  results  and  those  of  Grlnold  [35  ] and  Grlnold  and 
Hopkins  [36 ] leads  to  the  immediate  conclusion  that  the  existence  of  a 
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finite  stock  of  a depletable  resource  represented  by  means  of  upper- 
bound  constraints  In  the  auxiliary  problem  (5.19),  will  in  general  de- 
stroy the  Leontlef  properties  that  lead  to  stationary  vertex  solutions. 

For  Instance  for  the  case  covered  by  Theorem  5. 3 (ill),  a necessary 
condition  for  the  series 

**  1 
I Pb 
t=l  ® 


to  converge  is  that  lim  = 0 

t-«o 

which  makes  this  case  in  general  not  realistic.  A finite  stock  of  a de- 
pletable resource  cannot  support  a solution  at  a stationary  vertex  that 
consumes  the  resource  positively,  or  in  other  words,  satisfying 

> 0 

If  the  end-use  demands  are  either  growing  or  stationary,  because  in  the 
latter  case  we  will  have 

T 

11m  E pn®  d * * . 

T-^  t=l  ® 

However,  the  solution  to  the  auxiliary  problem  (5.19)  is  felt  to  be  in- 
sightful at  least  from  the  fact  that  it  provides  by  Lemma  5.10  lower 
bounds  to  the  value  of  the  original  problem,  relevant  for  the  evaluation 
of  approximating  solutions. 
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We  now  suggest  an  approximation  method  for  (5.18),  assuming  that 


A^cLand  that 


min  ^2*1 


s.t.  ^ 


(5.20) 


has  a solution  for  some  positive  right-hand  side  (d'  > 0).  From  Proposi- 
tion 5.1,  the  optimal  basis  remains  optimal  for  all  non-negative 
right-hand  sides  > 0).  Therefore  the  value  of  the  optimal  solution 

to  (5.20)  Is  for  all  > 0,  ud^,  where  u = c B 

— Xo  X 

t-T  t t 

Let  (L  ” Z a d , which  Is  finite  because  the  sequence  {d  } Is 

^ t-T 

assumed  ct-convergent , and  consider  the  T-period  approximation 


V_(R)  = a^ud  . + min  z {cx*^  + 

t=l 


We  can  then  show 


» t ,t 

s.t.  Ax  - d 


t-1,2, . . . ,T 


(5.21) 


-px^  + 0 t-1,2,.  ..,T 


0<x,0<z  <R 


t=l,2,...,T 
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Lemma  5.11;  V^(R)  > > V(R) 

Proof:  We  show  first  that  V^(R)  ^ V(R).  Consider  further  restricting  the 

t T 

original  problem  (5.18)  to  satisfy  z = z for  t ^ T+1.  It  Is  then  easy  to 
see  that  the  activities  Involving  positive  depletable  resource  usage  cannot 
be  operated  for  t ^ T+1  (x^  = 0,  t = T+l,T+2 , . . . ) . The  original  problem 
(5.18)  is  then  separable  into 

T 

min  £ ^ (cx^  ■¥  g [z^  - 

t-1 

s.t.  Ax^  - t”l,2,...,T 

t ^ t t-1  * 

-px  + z - z * 0 t“l,2,...,T 

0 ^ x^,  0 ^ z^  ^ R 

for  the  t = T+1, T+2,. .. .into  the  problems  (5.20) 

ud*”  ■ min 

V 

s.t.  ^ 

OlxJ 

We  may  conclude  then  that 

V.p(R)  > V(R)  . 

To  show  that  V,j,(R)  It  suffices  to  observe  that  the  T-period 

approximation  (5.21)  can  be  obtained  from  the  T+l-period  approximation,  by 
further  restricting  It  to  satisfy 


262 


T+1  T+1  ’ ’ ' 

The  above  approximation  method  Is  Indeed  a search  for  the  end-of  the  tran- 
sient stage,  after  which  the  depletable  resource  is  exhausted  and  operation 
can  only  continue  on  the  basis  of  activities  that  do  not  consume  any  of  the 
depletable  resource. 

General  convergence  of  the  T-period  approximations  (5.21)  that  would 
guarantee  that 

11m  V (R)  - V(R) 

T-+»  ^ 

will  not  be  proved  here.  However  it  is  felt  that  it  should  not  seriously 
depart  from  the  proofs  of  Theorems  (5.1)  and  (5.2)  exploring  the  contrac- 
tion Imposed  by  a < 1.  However  we  do  show  a companion  result, 

t T 

Lemma  5.12;  If  in  the  solution  to  the  original  problem,  z ■ z 

t ^ T+1,  for  some  period  T,  then  the  T-period  approximations 
(5.21)  converge  after  at  most  T approximations. 

Proof:  This  follows  by  showing  that  z^  > z^,  t>l,2, . . . ,T,  is  feasible  for 
the  T-perlod  approximation  with  an  objective  value  equal  to  V(R).  Since 
this  feasible  solution  attains  a lower  bound,  as  a result  of  Lemma  5.11,  it 
is  optimal  for  the  T-perlod  approximation  and 

Vj(R)  - V(R)  . I I 

A few  numerical  examples  will  Illustrate  the  results  of  this  section. 
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c - [1  2 5]  p = [0  0 1/2] 

a - 1/2,  g = 2 and  R - 2. 

The  auxiliary  problem  (5.19)  Is  then 

V(2)  * min  + 2x2  ^ ^*3  ^ ^ 

a.t. 

- X2  - 8/3 

X2  + x^  - 8/3 

-1/2X2  + l/2z  - 0 

0 ^ Xj^,X2,X2  and  0 £ z 4 

with  optimal  solution  Xj^  “ 16/3,  X2  “ 8/3  and  x^.z  * 0.  From  Theorem  5.3 
(11),  with 


for  t-1,2,... 


264 


and  x^.z  » 0 is  an  optimal  solution  to  the  original  problem. 

Example  5.2;  Let  In  Example  5.1 

c - [1  2 0] 

instead.  The  auxiliary  (5.19)  is  then 
V(2)  “ min  Xj^  + 2x2  + z 
s.t. 

- *2  “ 

X2  + Xj  - 8/3 

-1/2  Xj  + l/2z  - 0 

0 £ *i**2’*3  0 ^ z ^ 4 

with  optimal  solution  x^^  « 8/3,  x^  * 8/3,  z * 8/3  and  X2  “ 0 and  basis 
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Furthermore  since  for 


* [0  1/2] 

1 0 

--t+2- 

«-t+2 

0 1 

2 _ 

,-t+l 


and  consequently 


£ 2”^"*”^  = 2 = R, 

t“l 


by  Theorem  5.3  (ill),  the  solution 


1 

X 

H*  rt 
1 

0 0 

-2-t+2- 

-2-t+2- 

a 

. 

t 

J'3_ 

0 1 

2-t+2 

2-t+2 

— — 

— «. 

— — 

■ 0 and  * Z 2 
1*1 


Is  optimal  for  the  original  problem. 

This  example  Illustrates  a case  where  the  depletable  resource  Is 
exhausted  In  Infinite  time. 

Example  5.3;  Let  In  Example  5.1, 

and  c - [1  2 0] 


The  auxiliary  problem  (5.19)  becomes  then 
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V(2)  » min 

s.t. 


with  optimal  solution 

Since 

we  have 


*1  ^ ^*2 


+ z 


'l  - *2 


-1/2x2  + l/2z  = 0 
0 Xj^,X2*X2  and  0 ^ z ^ 4 

X2=2,  z=2,  x^^O,  V(2)=4,  and  basis 


PgB’V  = [0  1/21 


1 0 


0 1 


1/2 


Z p_B'^  / - + «. 
t“l  ® 


Apparently  the  optimal  solution  to  the  original  problem  is 
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1 

0 

1 for  t«l,2,3,4  and 


t 

Z 1/2 
t-1 


for  t“5,6, . . . 


The  objective  value  of  this  solution  Is  17/4  not  very  far  from  the  lower 
bound  given  by  the  auxiliary  problem  (V(2)  * 4)). 


I 
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5.V.  An  Ascent  Algorithm  for  Infinite-Horizon  Problems  with  Discounting 

In  this  section  we  digress  from  the  framework  of  the  sectoral- 
supplier  equilibrium  to  consider  a class  of  problems  likely  to  arise  in  con- 
junction with  the  solution  of  general  infinite-horizon  programs  with  dis- 
counting. These  are  in  general  the  "dual"  problems  proposed  by  Grinold 
[31,32]  for  problem  (5.11)  and  Evers  [18,19].  For  this  purpose  we  need  the 
following  definitions 

Definition  5.2;  Let  p be  a real  number.  1 < p < *.  The  space  t denotes 

~ ' P 

all  sequences  of  scalars  {u}  for  which 


Z lu^  < + 
t=0 

with  norm  ^ 

Mull  = E lu*^! 


and  metric 


- “2!  I “ ^ l“l  ■ s' 

p t=0 


Definition  5.3:  The  space  A consists  of  all  sequence  of  scalars  (u)  such 


with  norm 


and  metric 


sup  I u I < + « 


|u| I - sup  lu 


l“l““2l  L * ^“1  ' “2I 
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We  Introduce  the  notation 


,,,0.12.2  , 
{u  > * lu  ,au  ,a  u , . . . } 
a 


Proposition  5.2:  , for  p ^ p' 

Proof:  See  Fomin  [24],  || 

Lemma  5,13:  If  e then  {u}  e 

t 

Proof:  If  sup  [— | < M then  ju  ] < o M,  t=0,l,2  and  therefore 

I lu*^!  < ^ . 

t-o 


Consequently  {u}  £ , | | 


Lemma  5.14:  If  {y}  e It-  then  {y  } £ i, 

' ' 00  Cl  1 


Proof:  If  sup  |y^l  < M then  |y*^l  < M,t=0,l, ...  .which  after  multiplication 


by  a yields 


_ it  1 1 M 

^ 1“  Y 1 ^ T3 


1-a 


Hence 


{Yo}  e . 


Lemma  5.15:  If  {y}  £ and  {u}  £ S.^^,  then 


E u^  Y*^  < + 
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Proof:  Follows  from  Holder's  inequality  (see  Luenberger  [57]) 


t=0  1 


Consider  the  following  optimization  problem 

max  L(u) 


s.t.  {u.  . } e i (5.22) 

1/a  “ 

where  L is  continuous,  concave,  real-valued  and  finite  for  all  sequences 

{u,  , } e i where  a < 1.  We  assume  that  problem  (5.22)  has  an  optimal 
1/a  ® 

solution  u. 

The  generalization  of  the  concept  of  the  subgradient  for  functions 
defined  in  an  infinite-dimensional  space  would  say  that  a sequence  {yJ 
is  a subgradient  of  L at  u if 


L(u)  ^ L(u)  + (u-u)  Y for  all  u.  (5.23) 

The  ascent  algorithm  is  motivated  by 

Lemma  5.16:  The  set  {u  | (u-u)  y ^ 0}  contains  all  optimal  solutions  to 
(5.22). 

Proof:  From  (5.23),  for  an  optimal  u 


(u-u)  Y ^ L(u)  - L(u)  ^0  .11 

It  seems  plausible  then  to  construct  ascent  algorithms  for  (5.22) 
of  the  form 


t,n+l 


t,n  t 
u + a 


e Y 


t-0,1,2, . . 


(5.2A) 
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where  6 is  a scalar.  We  can  then  show 


Lemma  5.17;  If  {u,  ,}e£.,O<0<0,  and  {y}  e I then 
'■  " l/O  00  — — 00 


r n+1. 


Proof;  This  result  follows  from  dividing  (5.23)  by  a and  applying  the 
triangle  inequality 


sup 


t,n+l 

t,n 

u 

£ sup 

u 

t 

t 

a 

a 

+ 0 sup  Iy^J  . 


Therefore 


n+1 1 
^1/a' 


sup 


t,n+l 


< + 00 


and  consequently 


e I 

1/a  “ 


Theorem  5.4;  Consider  the  problem  (5.22)  with  an  optimal  solution  u. 

Suppose  we  apply  subgradient  optimization  (5.24)  with  the 
additional  assumption  that  ||y(|^  < M and  step  length 


X[L(u)  - L(u“)l 
II  ni |2 


with  0 < X £ 2-e2  and  > 0,  then 


lim  1(0**)  « L(u) 
n-H» 
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Proof:  First  we  show  | |u  - is  decreasing,  or  In  other  words. 


n 


the  distance  from  u to  u In  the  space.  Is  decreasing 


I n+1  * I I 2 

|u  - u| I2 


I ^ ^ I I 2 

1“  +0  - UII2 


= 1 1“"  - “Mo  (0")  I1y°M  + 2 0"  (u"  - G)  y” 

^ a ' 

Now  since  a < 1 and  therefore 


ro(u  -u)y  < ^ (u  -u)y 


t=0 


t=0 


we  have 


(e”)' 


26"  (u"  - i)  y" 


But  since 


0 ^ L(u)  - L(u")  £ (u  - u”)  y” 


(u*'  - u)  y"  < L(u*^)  - L(u) 


we  have  In  (5.25)  that 


- G||2  < ||„"  . GllJ  + (9")  ||r"|l,  - 2 9"  (LW  - Ku")) 


Substituting  for  6 yields 


I n+1  ''i|2  II  n ''ii2.,,2 

|u  - u| I2  < I |u  - u] I2  + (X 


2x)  [L(u)  - L(u°)l 

\K\\l 


that 


(5.25) 
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Let  now 


and  for 


we  have 


Consequently 


X - 2A  - X (X  - 2) 


X ^ > 0 


X - 2 ^ and  > 0, 


X(X  ~ 2)  <-  < 0 


II-"- ill: 


The  result  is  that  the  sequence  of  non-negative  number  | ju*'  - u]!^  is 
decreasing  and  bounded  fro«  below.  Hence 

11m  I |u“  - ul Ij  “ 0 . 
irH» 

This  implies  that  we  must  have 

since  otherwise  there  would  be  an  infinite  subsequence  of  | |u”^^  - ullj 
decreasing  at  each  step  by  at  least  c^  > 0 which  Is  clearly  Impossible. 
Since  < ""because  we  assumed  {y)  c and  of  Lemma  5.14  we  must 

have  that 

lim  L(u°)  ■ L(u)  . I I 
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The  above  extension  to  Infinite  dimensions  of  the  finite-dimensional 
subgradient  optimization  algorithm  (see  Held  and  Karp  [39] • Held,  Wolfe 
and  Crowder  [40])  has  several  practical  difficulties.  The  first  diffi- 
culty stems  from  the  infinite  dimension  of  the  subgradients,  for  which 
finite  approximation  methods  need  be  devised.  Second, there  is  the  mathe- 
matical assumption  that  i^-norms  of  the  subgradients  are  bounded.  The 
next  difficulty  is  that  in  general  we  do  not  know  the  value  L(u)  of  the 
maximal  objective  function  in  (5.22)  to  determine  the  step  length.  There- 
fore it  need  be  estimated.  Given  these  difficulties,  the  theoretical 
convergence  cannot  be  guaranteed  in  practice. 
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Chapter  6:  Equilibrium  Generalized  and  Further  Extensions 

6.1.  Introduction 

In  this  chapter  ve  discuss  some  further  extensions  In  the  framework 
of  an  equilibrium  between  a depletable  resource  supplier  and  an  economic 
sector  that  is  the  sole  user  of  this  resource.  Research  in  some  of  the 
topics  discussed  have  been  carried  to  different  extents,  justifying  a 
separate  treatment  in  the  following  sections. 

6. II.  A General  Equilibrium  Model 

So  far  in  the  analysis  of  the  previous  chapters  we  assumed  that  the  demand 
for  the  sectoral  end-use  goods  was  price-inelastic  in  all  time  periods  in 
the  planning  horizon.  The  depletable  resource  supplier(s)  revenue  func- 
tions were  then  derived  from  the  sectoral  cost-savings  in  meeting  given 
demands  for  end-use  goods  in  each  time  period.  In  this  section,  we  con- 
sider a model  In  which  both  the  end-use  demands,  d^,  and  the  alternative 
primary  supplies,  s^,  are  endogenous  and  price-elastic.  What  will  differ- 
entiate in  this  model  the  depletable  resource  allocation  from  that  of  the 
other  endogenous  resources  Is  Its  normative  treatment.  In  the  spirit  of 
Manne's  [61]  E.T.A.  model  (see  section  l.II),  the  cost  of  meeting  demand 
will  result  from  a "sectoral"  problem  which  simultaneously  minimizes  two 
cost  elements:  operational  and  substitution  costs.  Alternatively  the 
objective  can  be  Interpreted  as  the  maximization  of  surplus:  end-use 
goods  consumers'  surplus,  alternative  primary  supplies  producers'  surplus 
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and  the  sectoral  benefit  from  expenditures  In  other  Items  out  of  a fixed 
budget,  under  the  assumption  of  constant  marginal  utility. 

The  "sectoral"  problems  generating  the  cost  fimctlon,  that  we 
analyze  here,  are  equivalent  to  the  problems  studied  by  Shapiro  [ 79]  from 
whom  much  of  the  discussion  on  the  relationship  between  mathematical  pro- 
gramming and  economic  equilibria  models  Is  Inherited.  His  approach  Is 
extended  here  to  a finite  planning  horizon  and  links  together.  In  each 
period ; end-use  goods  and  alternative  primary  supplies  econometric  sub- 
models with  linear  programming  models  of  the  economic  sector  and  a deplet- 
able  resource  mathematical  programming  Intertemporal  supply  model.  This 
will  generate  an  equilibrium  In  two  levels:  1)  between  the  economic  sector 
and  the  end-use  goods  consumers  and  the  alternative  primary  supplies  pro- 
ducers; 2)  between  the  economic  sector  and  the  depletable  resource 
suppller(s).  A two-level  decomposition  scheme  can  be  envisaged  to  find  a 
general  equilibrium  solution.  This  Is  depicted  In  Figure  6.1. 

The  most  general  type  of  "sectoral"  problems  that  we  will  consider 
here  to  compute  In  each  period  the  economic  sector's  cost  of  meeting  de- 
mand for  end-use  goods  Is  given  by  the  nurket-seatoral  problem 


♦^(r)  ■■  + min  c^x^  + 

'l'J(s)  - 

(6.1a) 

..  t t 

s.t  p X 

< r 

(6.1b) 

t 

Aj^x 

-s 

i 0 

(6.1c) 

At  t 

A2X 

-d  > 0 

(6. Id) 

0 < x*^  . 

0 < s 

and  0 ^ d 

(6.1e) 

Market-Sectoral  Problem  i i Market-Sectoral  Problem  i | Market-Sectoral  Problem 
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Figure  6.1 
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where  is  a constant  and  and  are  convex  and  concave  differen- 
tiable functions  respectively.  The  functions  and  measure 
respectively  the  alternative  primary  supplies  producers'  benefit  at  a 
level  of  delivered  supply  s (producers'  surplus)  and  the  end-use  goods 
consumers'  benefit  at  a level  of  satisfied  demand  d (consumers'  surplus). 
Denoting  by  and  the  vector  of  alternative  primary  supplies  and 
end-use  goods  prices,  the  functions  and  satisfy 


- Vt|»J(s) 
*^8  1 


(6.2a) 


pI  - VK»2(d) 


In  empirical  work  the  existence  of  such  functions  will  depend  on  the 

reversibility  and  subsequent  integrability  of  the  supply-quantity  and 

t t 

demand-quantity  econometric  specifications  (ViJ)j^)  and 
latter  issue  is  controversial  as  noted  by  Kihlstrom,  Mas-Collel  and 
Sonnerscheln  [51  ] . Its  implications  for  the  application  of  solution 
methods  to  (6.1)  are  discussed  at  length  by  Shapiro  [79].  We  shall  not 
address  the  controversy  here  and  assume  that  conditions  are  fulfilled 
such  that  problem  (6.1)  exists. 

We  further  assume  that  an  optimal  solution  to  (6.1)  exists  at  all 
levels  of  depletable  resource  availability,  r,  satisfying  4^(r)  ^ 0 and 
♦^(0)  < + <».  Under  these  assumptions,  we  can  show 


Lemma  6.1:  The  function  as  given  by  (6.1)  is 


(I)  non-increasing 

(II)  convex. 
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Proof:  The  proof  of  (1)  is  trivial  and  similar  to  that  of  Lemmas  2.1  and 
2.2.  From  the  concavity  of  and  the  convexity  of  the  proof  of 
part  (ii)  also  follows  trivially.  | | 

Letting  w*"  and  u*”  denote  the  vector  of  shadow  prices  on  con- 
straints (6.1b),  (6.1c)  and  (6. Id)  respectively  and  defining 

♦ ^(r;s,d)  = + <<'^(s)  - + min  c^x*” 


s.t. 


t t ' 

p X ^ r 

- s 0 

- d > 0 


then, 

#^(r)  = min  ((i^(r;s,d) 
s^O 
d^O 


Linear  progranming  duality  theory  gives,  omitting  the  constant  for  conven- 
ience, the  cost-savings  function  (2.7)  as 


♦^(0)  - ^^(r)  » maximum)  -ij)^(s)  + <j',(d)  + 
8>0  / 
d^O  ( 


minimum  {(*^(0)  - u^’^^d  + w^’^^s)  + x^’^^r)} 

k-1,2 K 
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where  k Indexes  the  extreme  points  of  the  dual  problem 


t f a.  t, 

irr  - WS  + ud 

t t t.t  . t.t  ^ t 

irp  - wAj^  + uA2ic 

(6.4) 

0 < ir^  ^ 0 i v^  and  0 < u^ 

(6.5) 

The  convex  polyhedral  set  formed  by  (6.4)  and  (6.5)  is  assumed  bounded  for 
simplicity. 

As  mentioned  earlier  In  this  section  the  derivation  of  can  be 

seen  in  two  manners.  In  the  formulation  (6.1),  is  computed  in  each 

period  by  the  minimization  of 


t t 

C X 

+ 

I'i'j(s) 

- 'l'J(s)] 

+ 

[*2 

sectoral  operatio- 

f  alternative  primary  1 

» ' 
end-use  goods 

nal  costs  in 

+ 

supplies' 

substitu- 

+ 

substitution  costs 

period  t 

J 

tion  costs 

In  period  t 

in  period  t 

. 

where  8 and  d are  arbitrarily  set  reference  levels,  in  which  case 


- .(,2(8) 


in  (6.1a).  Alternatively  can  be  computed  in  each  period  as  the 


maximization  of 
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[B^  - cV] 

+ 

[-♦J(s)] 

+ 

' * 

measure  of  the 

alternative  primary 

' « 
end-use  goods 

sectoral  benefit 

•f- 

supplies  producers' 

+ 

consumers'  surplus 

in  period  t 

surplus  in  period  t 

. 4 

in  period  t 

> 4 

where  B*"  Is  the  sectoral  budget  In  period  t,  in  which  case 

in  (6.1a).  We  shall  omit  from  hereon  the  constant  K*"  in  (6.1)  since  it 
does  not  affect  the  optimal  solution  to  (6.1)  and  it  vanishes  when  we 
define  the  depletable  resource  suppliers'  revenue  function  as 

B*^(r)  = **^(0)  - 't*^(r)  (6.6) 

It  should  be  kept  in  mind  however  that  it  plays  a crucial  role  in  guaran- 
teeing a meaningful  cost  function,  or  in  other  words,  ♦^(r)  > 0. 

The  Kuhn-Tucker  optimality  conditions  to  the  market-sectoral  problem 
(6.1)  embody  the  conditions  for  the  first  level  of  equilibrium,  namely  an 
economic  equilibrium  between  the  economic  sector  and  the  markets  for  end- 
use  goods  and  for  alternative  primary  supplies.  Necessary  and  sufficient 
conditions  for  optimality  in  (6.1)  require,  for  each  fixed  r^,  the  exist- 

A^  A^  A^  A^  A^ 

ence  of  x ,s  ,d  ,Tr  ,w  and  u , t«l,2 


T, satisfying 
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Vt|)^(s^)  - 2 0 with  equality  if  §^>0,  t=l,2...T  (6.7a) 

Vii<2(3^)  - i 0 with  equality  if  3j>0,  t*'l,2...T  (6.7b) 

-iT^p^  - + u^A^  ^ with  equality  if  x^>0,  t*l,2...T  (6.7c) 

w*^(p*^i‘^-r‘^)  = 0 t-l,2,...,T  (6.7d) 

w*'(aJx*'-S*^)  = 0 t-l,2,...,T  (6.7e) 

G*^(A2X*^-a*^)  = 0 t=l,2,...,T  (6.7f) 

p*^x*^  X t=l,2,...,T  (6.7g) 

A^x^-s^  i 0 t*l,2,...,T  (6.7h) 

A^x*^-a‘'  i 0 t-l,2,...,T  (6.7i) 

S^iO,  a*^iO,  G*^kO,  x*^iO,  t=l,2...T  (6.7j) 


The  equilibrium  interpretation  of  conditions  (6.7)  is  well  known.  As 
noted  by  Shapiro  [79  ] the  connection  between  econometric  submodels  and  the 
sectoral  linear  programming  submodel  is  effected  by  conditions  (6.7a)  and 
(6.7b).  These  require  the  equality  of  the  shadow  prices  with  supply  and 
demand  prices  at  positive  levels  but  allows  w^  ^ if  s^  ~ 0 

X Si  X 

A t At 

and  u^  < p if  a^  * 0. 

j dj  j 

For  the  second  level  of  equilibrium,  between  the  economic  sector  and 
the  supplier  of  the  depletable  resource,  we  require  the  equilibrium  condl- 
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i 


tions  (2.9),  or  In  other  words  that 


i 0 t“l,2,...,T 

T 

li^<K 

V (R)  = I - $^(r*^) -g*^(  I r^,f*^) 

t=l  J-1 

+ oV^^(R-  I 

t-1 


(6.8a) 

(6.8b) 


(6.8c) 


The  simultaneous  satisfaction  of  conditions  (6.7)  and  (6.8)  is  what  we 

define  as  a general  equilihrium. 

An  iterative  approach  is  proposed  to  solve  for  the  general 

equilibrium  given  by  conditions  (6.7)  and  (6.8).  As  before,  at  iteration 

n,  a piecewise  linear  approximation  to  the  supplier's  concave  revenue 

function  8^,  is  used  to  solve  the  supplier's  problem  (2.1).  The  result- 

1.  n 2 II  T n 

Ing  supply  schedule  (r  ’ ,r  * ,...,r  ’ ) is  passed  to  the  market-sectoral 
problems  (6.1)  in  each  period,  t=l,2,...,T.  The  market  sectoral  problems 
(6.1)  for  periods  t“l,2,...,T  are  optimized  at  these  resource  levels  by 
interacting  with  the  econometric  submodels  by  any  applicable  decomposition 
method  as  suggested  by  Shapiro  [79]: 

1)  subgradient  optimization  (Held  and  Karp  [39  ] • Fisher 
[20],  and  Polyak  [68]), 


\ 


11)  primal-dual  ascent  algorithm  (Fisher  and  Shapiro  [23] 
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Fisher,  Northrup  and  Shapiro  [22],  and  Lemarechal  [55]), 
iii)  simplicial  approximation  (Scarf  and  Hansen  [74]), 
iv)  generalized  linear  programming  (Lasdon  [54]). 

This  will  yield  sectoral  costs  <I>^(r^’”)  and  shadow  prices  for 

t=l,2,...,T.  At  this  point  either  an  equilibrium  solution  satisfying 
(6.7)  and  (6.8)  has  been  found  or  a new  linear  segment  is  added  to  Improve 
the  upper-bound  approximations.  This  is  also  depicted  in  Figure  6.1. 

The  convergence  properties  of  the  above  Iterative  scheme  can  be  seen 
to  follow  also  from  Theorem  2.2  and  the  application  of  Geoffrions'  [26] 
generalized  Benders'  decomposition  to  the  problem 


T t-1 

max  ^ ^(4*^(0)  - - \|)^(8^)  + \l)H(d^)  - g^(  ^ r^,r^)> 

t»l  j-=l 


+ - I r^) 

t»l 


s.t.  p^x^  ^ r^  t=l,2,...,T 


A^x^-s^iO  t-l,2,...,T 


(6.9) 


A^x^-d^^kO  t-l,2,...,T 


r*^  i R 


t-1 


t-l,2,...,T 


0 X x^,  0 i s^,  0 i d*"  and  0 < r^  t-l,2,,..,T 
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12  T 

For  a fixed  non-negative  supply  schedule  (r  ,r  ) satisfying 

T 

E r'’  S R problem  (6.9)  is  separable  into  T subproblems,  the  market- 
t-1 

sectoral  problems  (6.1)  generating  4''^.  The  master  problem  is  the  suppli- 
er's problem  (2.1),  with  the  supplier's  revenue  function  6^  as  defined  by 
(6.6). 

Problem  (6.9)  can  be  interpreted  as  a maximization  of  discounted 
surplus.  Four  different  surpluses  can  be  identified  in  the  objective  of 
(6.9).  These  are:  the  alternative  primary  suppliers'  producers'  surplus, 
the  end-use  goods  consumers'  surplus,  the  economic  sector's  surplus  and 
the  depletable  resource  producers'  surplus. 

6. III.  Quadratic  Market-Sectoral  Problems. 

In  Chapter  2 we  developed  a convergent  iterative  approach  to  solve 
for  equilibrium  for  piecewise  linear  as  well  as  general  convex  cost  func- 
tions While  for  general  convex  sectoral  problems,  this  seems  to  be 

the  only  scheme  of  practical  viability,  for  linear  programming  sectoral 
problems,  parametric  programming  is  applicable.  In  the  latter  case  the 
argument  for  an  Iterative  approach  was  based  on  the  fact  that  a 
large  number  of  linear  segments  combined  with  a long  planning  horizon 
would  make  parametric  linear  programming  expensive  enough  to  be  considered 
not  viable.  However  it  is  conceivable  that  a combination  of  parametric 
linear  programming  and  the  linear  piece-generation  scheme  might  be  the 
"optimal"  approach. 

Apparently  there  is  another  class  of  problems  where  parametric  pro- 
gramming can  be  efficiently  handled.  This  would  be  the  case  when  is 
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computed  from  a convex  quadratic  programming  problem,  which  results  when 
the  alternative  primary  supplies  (6.2a)  and  the  end-use  demands  (6.2b) 
econometric  specifications  In  for  the  market-sectoral  problem  (6.1)  are 
given  by 


^ - V^s*^  + w 
8 1 

d ■ ‘'2'*' 


respectively.  We  assume  that  Is  symmetric  positive  semi-def Inite  and 
that  ^2  Is  symmetric  negative  semi-def inite  matrices.  This  case  was  par- 
tially considered  by  Kennedy  (50  ] . 

Dropping  the  time  superscripts  for  simplicity,  the  market-sectoral 
problem  (6.1)  would  be  then  given  by 

$(r)  = min  a'x  +^3'V^s  + w^s  - ^d'W^d  - 

s.t.  px  ^ r 

-350 

(6.10) 

A2X  - d > 0 

0 5 X , 05s  and  0 5 d 

where  the  prime  (')  denotes  the  transpose.  Equivalently,  In  terms  of  Its 
Dorn's  [17]  dual  (see  Stoer  and  Wltzgall  [86]), 


I 
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$(r)  * max  irr  - ^ 

s.t.  - irp  - vAj^  + UA2  S a 

V - 

u - > W2 

0<^n,  0<^u,  O^v,  0£s  and  0 £ d 

The  shape  of  the  cost  function  generated  by  the  market-sectoral  pro- 
blem (6.10),  Is  piecewise  quadratic.  This  will  lead  to  demand  functions 
(see  section  3. Ill)  that  are  piecewise  linear  as  depicted  below. 


Jb 


Figure  6 , 2 

This  Is  In  contrast  with  the  staircase  demand  functions  that  result  from 
the  LF-sectoral  problem  (2.10)  as  shown  In  Figure  6.2. 

In  order  to  rewrite  (6.10)  in  the  standard  form  for  quadratic 
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pTOgTammlng  problems,  we  let 


where  I denotes  the  identity  matrix  and  W Is  symmetric  and  positive  semi- 
definlte.  Hence  generating  In  (6.10)  can  be  seen  as  equivalent  to 
determining  $(b)  for  b ^ 0 In  the  quadratic  program 

*(b)  » min  -I  x'Wx  + c'x 

Ax  1 b (6.11) 

X > 0 
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The  redefinitions 


establish  (6.12)  as  a linear  complementary  problem 

w=q+Mz  w>0,  z > 0 (6.13a) 

z w “ 0 (6.13b) 

which  can  be  solved  by  complementary  pivoting  as  proposed  by  Cottle  and 
Dantzlg  [ 8]. 

The  algorithm  for  positive-definite  matrix  M consists  of  a sequence  of 
major  cycles  Initiated  with  a complementary  basic  solution 

(w;z)  - (q;0) 

If  q ^ 0,  the  procedure  Is  terminated.  Otherwise  for  any  ~ ^ 0,  the 

complement  z^  of  the  selected  negative  basic  variable  Is  Increased  until 
it  is  either  blocked  by  a positive  basic  variable  decreasing  to  zero  or 
by  the  negative  w^  Increasing  to  zero.  At  this  point  the  blocking  var- 
iable is  pivoted  out  of  the  basis  by  pivoting  In  Its  complement  and  the 
major  cycle  continues.  The  major  cycle  Is  only  terminated  when  w^  drops 
out  of  the  basis.  Further  details  are  omitted. 

A slight  modification  of  the  above  procedure  was  suggested  later  by 
Cottle  and  Dantzlg  [7  ] to  deal  with  the  positive  seml-deflnlteness  of  M. 

i- 

5 

I 

- — — p-*mmaaippw(wm^  — - 


290 


While  the  latter  would  be  the  required  procedure  for  the  quadratic 
sectoral- market  problem  (6,10),  we  feel  that  the  parametric  programming 
would  have  to  be  modified  slightly  in  the  same  direction.  Since  we  shall 
not  enter  into  pivoting  considerations,  without  loss  of  generality,  we 
concentrate  here  on  the  positive  definite  case. 

Partition  into  [B,Nl  where  B is  a square  matrix  formed  by  the 

columns  of  [I,-Ml  corresponding  to  the  basic  variables  and  N by  those 
columns  corresponding  to  the  complementary  non-baslc  variables.  Relabel- 
ing the  variables  if  necessary,  once  the  process  is  terminated  the  system 
(6.13a)  is  rewritten  in  canonical  form  as 

w “ q + H z 

with  q * B”^  q and  M * -B~^  N.  The  solution  (w;2)  « (q;0)  has  q i 0. 

Since  it  is  a feasible  complementary  basic  solution  of  (6.13),  it  is 
optimal  for  (6.11). 

Consider  now  a change  in  the  left-hand  side  of  (6.13)  from  q to 
q -I-  6£,  where  5 is  a parametrize tlon  vector  and  6 a 0.  Defining 
V - B~^6,  and  letting 

b”^  (q  + 66)  - q + 0V 

we  observe  that  if  ^ 0 for  all  i then  the  complementary  basic 

solution  (w;z)  * (q  + 6V;0)  is  feasible  and  hence  optimal  for  (6.11)  with  ' • 

modified  parameters  q + 66,  for  all  6^0.  | 

» 

% • 

I 

1 
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Conversely,  If  < 0 for  some  1,  then  as  8 is  Increased  one  or 
more  basic  variables  may  become  negative.  The  maximum  Increase  In  9 that 
does  not  affect  feasibility  Is 


For  0 > , the  complementary  basic  solution  (w;z)  “ (q  + 0u;O)  has 

+ 9v^  <0.  A major  cycle  of  the  complementary  pivoting  procedure 
can  be  Initiated  at  this  point,  to  regain  feasibility. 

Theorem  6.1;  Barring  degeneracy,  feasibility  Is  regained  after  a 
finite  nutober  of  complementary  pivots. 

Proof:  This  Is  so  because  the  maximum  number  of  variables  that  may  become 
negative  as  q changes  to  q -i-  05  Is  finite.  The  number  of  basic  varia- 
bles with  negative  values  at  the  end  of  a major  cycle  Is  at  least  one 
less  than  at  the  beginning  of  the  major  cycle.  Each  major  cycle  termin- 
ates after  a finite  number  of  coiiq>lementary  pivots  since  the  number  of 
bases  formed  from  Is  finite.  | | 

A numerical  example  should  clarify  the  parametrlzatlon  procedure. 


i 


j 

I 

; 

i 
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Example  6.1;  Consider  determining  for  r > 0. 


♦(r)  ■ min  [-3  -4  -1] 

fx  ^ 
*1 

+ 1 Ix^  X2  X3I 

1 2-1 

fx 

1 

*2 

2 4-2 

*2 

*3 

-1  -2  1 

*3 

> < 

s.t.  -Xj^-2x2-X2  > -r 
*1’  *2’  *3  - 

Starting  with  r-4  and  letting  - x^,  i-1,  2,  3,  24 -y^.  - u^, 

i-1,2,3  and  ” Vj^,  the  initial  complementary  basic  solution  is  given  by 


W3  - -3  + 

*1 

+ 2x2  - 

X3  + X 

W2  « -4  + 

+ 4z2  - 

2x3  + 2x 

Wj  • -1  - 

' 2x2  + 

X-  + z 
3 ‘ 

*4-4- 

-2X2- 

^3 

The  complementary  pivoting  procedure  terminates  with  = 5/2,  *=  0 and 

Xj  - 3/2,  and 


w 


2 


*3 


‘1 


■ 2 + 2Wj^ 

- 2 + l/2wj^  + 1/2w2 

- 3/2  - l/4w,  + l/4w-  - l/2w, 

134 

■ 5/2  + l/4wj^  - 1/4w2  - l/2w^  - 2z2 
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The  complementary  basis  Is  given  by 


0 

-1 

1 

* 

-1 

-2 

1 

0 

' 

0 

B - 

1 

-2 

2 

-2 

with  B ^ “ 

-1/2 

0 

-1/2 

0 

0 

-1 

-1 

1 

1/4 

0 

-1/4 

1/2 

0 

0 

1 

1 

-1/4 

0 

1/4 

1/2 

4 

Let  now  r“A+0,  0>O,  this  corresponds  to 


• 

■ 

0 

0 

0 

^•1 

0 

0 

and  u = B 6 = 

1/2 

+1 

. 

1/2 

, 4 

Since  > 0,  1=1,  2,  3,  4,  for  0 > 0,  the  complementary  basic  solution 

W2  ■ 2 + 0Vj^  ■ 2 

• 2 + 0^2  ■ 2 

- 3/2  + 0V3  - 3/2  + 1/20 

- 5/2  + 0V^  - 5/2  + 1/20 

and  Wj^ « ■ Z2  “ 0 remains  feasible  for  (6.13)  and  hence  optimal  for 
the  original  problem.  In  terms  of  the  original  variables,  the  solution 
!•  *2  ■ (r+l)/2,X2  “ 0 and  ■ (r-l)/2  for  r > 4. 
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For  r“4-0,  0>O  , 


► « 

0 

’ 

0 

0 

-1 

0 

yields  V ■=  B 6 - 

0 

-1/2 

-1 

-1/2 

3/2  5/2 

and  since  min  { , } = 3,  for  0 < 0 < 3,  or  equivalently 

1/2  1/2 

1 ^ r ^ 4,  the  complementary  basic  solution 


z ^ 2 

^4  ^ 

Zg  - 3/2  - 1/20 
= 5/2  - 1/20 


remains  feasible.  As  3 < 0 < 5,  the  basic  variable  z^  becomes  negative 
A major  cycle  is  initiated  by  increasing  yielding 


■ 2 + 2w^ 

• 0-1  + w,  + 2z,  + w, 

1 3 4 

• 20-6  + w,  + 4z-  + 2w, 

13  4 

. 4-0  - Z3  - - 2z2 


For  3 < 0 ^ 4,  the  coiiq>lementary  solution 

('^2**4’'^3’Zi»Wj»''4»Z2»*3^  ■ (2,0  - 1,20  - 6,4  - 6;0, 0,0,0) 
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Is  feasible  and  hence  optimal.  In  terms  of  the  original  variables 
•>  r,X2  ■ Xj  ■ 0 is  the  optimal  solution  for  0 < r < 1. 

This  gives 

12 

I_-3r  0<r<l 

-2r-  1/2  1ST  . 

While  parametric  programming  was  here  Illustrated  for  the  comple- 
mentary pivoting  procedure,  apparently  It  can  be  easily  adapted  to  any 
other  procedure  directly  or  indirectly  based  on  the  linear  complementarity 
conditions  (6.13).  It  Is  felt  that  In  Wolfe's  [94]  simplex  method  for 
quadratic  programming,  parametric  programming  can  be  performed  by  a modi- 
fied dual  simplex  algorithm. 


6. IV.  Non-Separable  Sectoral  Problems 

The  development  of  the  sectoral-supplier  equilibrium  In  the  previous 
chapters  assumed  that  the  cost  of  meeting  demand  (2.6),  In  each 
period  is  solely  determined  by  the  amount  of  depletable  resource  avail- 
able In  that  period.  The  separability  over  time  of  the  sectoral  problems 
has  led  to  revenue  functions  (2.8)  whose  cross  time  effects  are  zero,  or 
In  other  words. 


— 7 ■ 0 for  1 ^ j 

8rJ 
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The  rationale  for  this  situation  is  the  sectoral  Intertemporal  decisions 
(e.g.,  capacity  expansion)  being  taken  either  prior  or  posterior  to 
agreeing  with  the  supplier  on  a depletable  resource  supply  schedule.  In 
the  first  case  the  sectoral  problems  would  be  provided  with  the  optimal 
capacity  addition  schedule  as  exogenous  data.  In  the  second  case,  the 
sectoral  problems  would  not  take  into  account  the  capacity  expansion  pro- 
cess and  these  additional  cost  reductions  would  not  be  reflected  in  the 
supplier's  revenue  functions.  It  is  when  the  decisions  on  the  sectoral 
capacity  expansion  and  the  depletable  resource  supply  schedule  are  made 
simultaneously  that  difficulties,  due  to  the  non-separability  of  the  cost 
function,  will  arise.  For  illustration  let 

12  T 

♦(r  ,T  ,...,r  ) = present  value  of  the  cost  of  meeting 
demand  from  period  1 through  T when 
r^  units  of  the  depletable  resource 
is  available  to  the  sector  in  each 
period  t=l,2, . . . ,T 


be  computed  by  the  multiperiod  linear  programdng  eectoral  problem 


1 2 


T 

V t-1  rtt.-tt.  tt, 

{cx  +fs  +qy} 

(6.14a) 

:-l 

t“l,2,...,T 

(6.14b) 

A^x^'-s^  i 0 t“l,2,...,T 

(6.14c) 

I 

% 

t-l,2,...,T 

(6.14d) 

- 
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0 < s*^  < 8*^  (6.14e) 

0 i i y°  + I f*l,2,..,,T  (6.14f) 

j=l 

where  y^  denotes  the  additioioal  capacity  installed  in  period  t purchased 
at  a unit  cost  q^,  and  y°  the  initial  capacity.  This  reformulation 
resembles  the  transition  from  BESOM  [42  ] to  DESOM  [62  ] (see  section 
1.II.3).  The  mere  existence  of  constraints  (6.14f)  will  in  general  impair 
the  separability  of  the  sectoral  problem  (6.14).  It  is  not  clear,  in  the 
present  case,  how  the  present  value  of  the  sectoral  cost-savings, 

♦ (0,0 0)  - ♦(r^,r^, r’^) 


could  be  disaggregated  to  yield  the  individual  contributions  of  each  per- 
iod supply.  In  the  spirit  of  this  thesis,  one  possibility  to  be  further 
explored  among  several  alternatives  available  to  define  in  each  period  the 
supplier's  revenue  function  would  be 


ot/-  1 2 

B (r  ,r  , 


t-1  ^ l-tr*/  1 2 t-1  */  1 2 t-1 

.,r  ,r)  = a [ ♦(r  ,r  ,...,r  ,0)  - ♦(r  ,r  ,...,r  ,r)l 


(6.15) 


In  the  case  of  (6.15),  the  present  value  of  the  supplier's  revenue  would 
equal  the  present  value  of  the  sectoral  cost-savings  but,  due  to  the 
dependence  of  6^  on  (r^,r^, . . . ,r^  ^) , the  advantageous  dynamic  programming 
reformulation  of  the  supplier's  problem  is  not  directly  applicable. 

Apparently  the  dependence  of  the  sectoral-cost  savings  on  variables 
other  than  the  supply  In  that  period  is  uniquely  a function  of  the  assump- 
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tlons  Imposed  on  the  sectoral  model.  Even  though  it  Is  not  obvious  which 
formulation  of  the  sectoral  problem  might  lead  to  a cost  of  meeting  demand 
in  each  period  that  would  depend  only  on  the  maximvim  amount  of  the  deplet- 
able  resource  available  until  the  end  of  the  planning  horizon,  S,  and  the 
present  period  supply,  r,  this  would  be  the  case  where  the  definition 

e’'(S,r)  = <t'^(S,0)  - $’^(S,r) 

would  not  modify  drastically  our  analysis. 

Still  another  possibility  would  be  the  formulation  of  the  sectoral 
problem  also  as  a dynamic  programming  problem  in  the  state  space  (Y,S) 
that  could  encompass  among  other  things  capacity  stocks  and  inventories. 
However  how  these  two  dynamic  programming  recursions  (the  sectoral  and 
the  depletable  resource  supplier)  would  interact  in  the  state  space  (Y,S) 
is  not  obvious. 

6.V.  Smoothing  the  Cost  of  Meeting  Demand 

In  the  derivation  of  the  cost  of  meeting  demand  at  alternative 
depletable  resource  levels  r,  was  Ideally  computed  by  solving  a 
sectoral  problem  parametrically  in  r.  The  sectoral  problems  discussed 
in  section  2*111  will  lead  to  convex  functions  4>^,  but  these  will  not  be 
differentiable  in  general.  The  linear  programming  formulation  (2.10) 
would  lead  to  a piecewise  linear  function  and  the  general  convex  formula- 
tion (2.16)  may  lead  to  piecewise  non-linear  functions.  While  the  non- 
dlf ferentlablllty  of  does  not  affect  algorithmically  the  solution 


procedures  to  the  sectoral-supplier  equilibrium,  it  has  several  drawbacks 
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from  an  economist  standpoint.  The  non-existence  of  derivatives  everywhere 
will  not  permit  a clear  evaluation  of  the  effect  of  changes  in  the  alter- 
native primary  supplies  prices  and  of  substitution  effects  by  means  of 
price-elasticities  and  substitution  elasticities. 

Griffin  [29  ] proposed  a procedure  to  dissassociate  the  engineering 
technical  details  Imbedded,  in  our  case,  in  the  sectoral  problems,  leading 
to  non-dif ferentiable  engineering  technologies,  from  the  smoother  long-run 
model.  The  "pseudo-data,"  generated  by  a process  model  or  a sectoral  model 
would  then  be  utilized  to  estimate  a statistical  cost  function,  offering  a 
differentiable  approximation  to  the  engineering  technology  cost  function. 

As  mentioned  in  section  2. II,  the  function  can  be  seen  with 
respect  to  the  depletahle  resource,  as  a short-run  cost  function.  At  a 
fixed  level  of  resource  availability,  r , J*  gives  the  minimum  cost  configu- 
ration between  alternative  primary  Inputs,  s,  and  non-primary  inputs,  x. 
This  was,  indeed,  the  line  of  reasoning  in  the  formulation  of  the  convex 
sectoral  problem  (2.16).  This  analogy  will  permit  that  closed-form  solu- 
tions be  obtained  for  t in  special  cases. 

Let 

*(r)  = min  c x + f s 


F(d;  {x,s,r})  < 0 
X > 0,  s > 0 

where  F is  given  by  a separable  single-valued  convex  multiple-output  pro- 
duction function.  For  its  properties  see  Hasenkamp  [37]. 

We  shall  treat  now  a special  case.  When  F is  separable  into 
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F(d;  {x,s,r})  •=  ~ h^({x,s,r}) 


where  and  are  respectively  convex  output  and  concave  Input  func- 
tions and  Is  a constant  elasticity  of  substitution  input  function, 
given  by 


h^({x,s,r}) 


? ''i*l 


0 

0-1 


11 


+ V, 


N+l 


where  all  V > 0,  5 denotes  the  returns  to  scale  parameter  and  o denotes 
the  elasticity  of  substitution  between  any  two  Inputs  for  all  input  com- 
binations, the  short-run  cost-function  is  given  by  Hasenkamp  [37]  as 


*(r) 


Y 


(a-l)C 


where  + I • 

It  is  easy  to  verify  that  an  input  may  only  be  inessential  if  a > 1, 
ruling  out  the  Cobb-Douglas  case.  Under  this  assumption,  the  cost-savings 
function  is  given  by 


o a 

♦(0)  - ♦(r)  - Y 

\(d)' 

(0-1)5  ^o-lV 

N+1*^  J 

^ m 

This  example  suggests  that  the  same  method  employed  by  Griffin  [ 29] 
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to  smooth  a non-dif ferentlable  cost  function  might  be  applicable  to 
smooth  the  sectoral  cost  of  meeting  demand  function,  However,  it  is 
not  obvious  how  the  flexible  translog  cost  function  developed  by 
Christensen,  Jorgenson  and  Lau  [ 5 ],  which  purports  to  be  a second -order 
local  approximation  to  any  technology  would  be  extended  to  a short-run 
translog  cost  functional  specification.  This  difficulty  stems  from  the 
fact  that  the  translog  production,  profit  and  cost  functions,  are  not 
derived  from  each  other  by  duality  considerations.  Instead,  they  have 
been  proposed  to  keep  the  same  analytic  form. 

The  advantages  from  our  standpoint,  could  mean  the  elimination  of 
running  simultaneously  one  sectoral  problem  for  each  time  period  in  the 
planning  horizon.  Instead,  a single  functional  form  would  give  the  cost 
of  meeting  demand  at  alternative  price  levels  for  the  other  Inputs, 
efficiencies  in  resource  utilization,  and  levels  of  end-use  demand.  The 
scheme  would  then  be  modified  as  depicted  in  Figure  6.3. 


f 
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Chapter  7 : Conclusions 

The  emergence  of  the  OPEC  cartel,  culminating  in  the  Arab  oil  embargo 
of  1973,  generated  a world-wide  urge  for  the  development  and  implementa- 
tion of  detailed  energy  technology  and  policy  assessment  models.  Existing 
models  together  with  the  newly  designed  models  covered  a wide  spectrum  of 
energy-related  issues.  A diversity  of  techniques  has  been  utilized  in  the 
development  of  the  different  models.  An  evident  following  step  would  be 

I 

the  definition  of  a unified  framework  that  would  combine  features  of  this 
variety  of  models.  Model  integration  is  apparently  the  future  trend  in 
energy  modeling.  This  will  provide  at  each  step  a further  detailed  macro- 
vision  of  the  structure  of  the  energy  sector. 

In  this  thesis  we  set  a framework  for  the  integration  of  sectoral 
(demand)  and  supply  models.  Our  particular  emphasis  has  been  placed  on 
exhaustible  resources,  in  which  category  we  find  most  of  the  energy  sector 
primary  resources.  Compared  to  early  sectoral  models,  those  developed 
here  are  dynamic  as  we  are  mainly  concerned  with  the  allocation  over  time 
of  non-augmentable  resource  stocks.  Opposed  to  empirical  or  econometric 
models  (e.g.  Hudson  and  Jorgenson  [46])  our  approach  is  inherently  norma- 
tive. Supply  and  demand  models  are  formulated  as  optimization  problems. 
Mathematical  programming  decomposition  concepts  permit  the  direct  and 
separate  treatment  of  the  behavioral  aspects  of  all  market  participants. 
This  is  in  contrast  with  current  large-scale  model  Integration  (e.g. 

Hoffman  and  Jorgenson  [43])  where  normative  behavior  is  indirectly  treated, 
establishing  the  underlying  basis  for  aggregate  econometric  models.  He 
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can  observe  along  this  thesis  numerous  advantages  of  disclosing  the  norma- 
tive bases  of  the  models  in  accomplishing  the  integration  of  depletable 
resource  supply  and  demand  models.  Of  course,  this  can  only  be  accom- 
plished at  the  expense  of  a well-behaved  aggregate  description  of  the 
economic  activity  and/or  of  consumer  and  producer  response.  The  normative 
approach  also  reveals  some  of  the  major  concerns  in  the  economic  theory 
of  exhaustible  resources;  namely,  optimal  paths  to  final  exhaustion,  fi- 
nite versus  infinite  time  depletion,  the  effedt  of  depletion  on  price 
trends,  scarcity  rents  or  user's  costs,  to  cite  a few. 

Our  conceptual  framework  decomposes  the  problem  of  allocation  of 
fixed  resource  stocks  into  supply  and  sectoral  (demand)  subproblems , and 
links  them  by  means  of  equilibrium  conditions.  The  evaluation  of  the 
intertemporal  biases  in  extraction  rates  that  result  from  diverse  supply 
and  demand  market  structures  can  be  accomplished  by  the  consideration  of 
more  elaborate  forms  of  sectoral  and  suppliers  problems.  To  a certain 
extent  the  efficient  resource  allocation  can  be  compared  with  the  alloca- 
tions reflecting  the  different  degrees  of  monopsony  and/or  monopoly  powers 
of  the  buying  and  selling  markets.  Aluo,  our  methodology  seems  particu- 
larly suitable  to  the  direct  assessment  of  the  Impact  of  technological 
change.  The  detailed  engineering  process  sectoral  models  play  an  active 
role  in  this  scheme.  Long-run  changes  from  technologies  considered  for 
implementation  can  be  easily  Incorporated  into  this  scheme  because  of  the 
flexibility  permitted  In  the  design  of  the  time  independent  sequence  of 
sectoral  models.  Energy  programs  and  regulatory  economic  policies  to 
stimulate  energy  conservation,  to  inhibit  or  expedite  primary  resource 
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depletion  and  to  sponsor  research  and  development  (e.g.  price  controls, 
tax  depletion  allowances,  pollution  charges)  can  be  analyzed.  This  re- 
quires only  the  recognition  of  the  affected  economic  agent  and  the  regu- 
latory effect  on  the  quantities  and/or  shadow  prices  iteratively  ex- 
changed between  the  economic  sectors  and  the  depletable  resource  suppliers. 

Highly  aggregated  models  and  empirical  models  In  general  do  not  allow 
the  direct  consideration  of  different  modes  of  behavior  toward  the  uncer- 
tainties faced  by  the  sectors  In  the  economy  (e.g.  demand  for  end-use 
energy  products,  timing  of  technological  change)  and  the  resource  owners 
(e.g.  the  amount  of  reserves  and  rates  of  extraction).  This  Is  so  because 
their  normative  aspects  are  not  carried  explicitly.  In  this  thesis,  in- 
stead, we  are  able  to  model  different  attitudes  toward  uncertainty  by 
prescribing  different  behaviors  to  the  affected  economic  agents. 

Currently  available  intertemporal  energy  models  are  not  representa- 
tive of  an  effort  to  consider  Infinite  planning  horizons.  However,  It  Is 
widely  recognized  that  the  Impact  of  present  resource  extraction  decisions 
on  the  welfare  of  all  future  generations  cannot  be  neglected.  Based  on 
the  premise  that  the  time  discounting  will  efface  approximation  errors, 
the  arbitrary  truncation  of  the  Infinite  planning  horizon  Is  usual  prac- 
tice. In  our  models,  the  advantageous  dynamic  programming  formulation  of 
the  supply  model  will  permit  us  to  exactly  accommodate  the  infinite  plan- 
ning horizon.  This  Is  of  particular  Interest  In  the  coupling  of  transient 
and  stationary  economy  stages. 

The  modeling  methodology  considered  In  this  work  is  justified  on  the 
basis  of  economic  theory  In  addition  to  being  operational.  In  the  sense 
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that  we  address  the  technical  details  of  the  Integration  of  supply  and 
sectoral  models.  Following  the  presentation  by  Modlano  and  Shapiro  [65] 
which  established  the  ground  rules  of  this  thesis  and  Illustrated  more 
sophisticated  mathematical  programming  techniques  In  Intertemporal  energy 
modeling,  more  recent  work  (e.g.  Parlente  [67],  Shapiro  and  White  [80]) 
suggests  that  this  Is  a powerful  area  for  further  research. 

The  normative  models  of  depletable  resources  that  we  propose  here 
should  be  seen  as  an  attempt  to  bridge  the  existing  gap  between  energy 
modeling  and  the  economic  theory  of  exhaustible  resources.  We  recognize, 
however,  that  the  joint  effort  and  Involvement  of- several  researchers  will 
be  required  to  bridge  this  gap  completely  and  build  an  operationally  uni- 
fied and  Integrated  economic  framework  for  energy  modeling. 
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